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THE object of llie following treatiaii is to present sim- 
ply find' concisely the fundamental problems of the 
Calculus, their solution, and more common appHcatioiiB. 

Since variables are its characteristic quantities, the 
firet fundamental problem of the Calculus is, Ta find the 
ratio of the rates of change of related variables. To ena- 
ble the learner most clearly to comprehend cms problem, 
the author haa employed the conception of rates, which 
affords finite dififerentiala and the simplest demonstration 
of maiij' principles. Tlie prrjblem of Differentiation hav- 
ing been clearly presented, a general method of its solu- 
tion is obtained by the use of limits. This order of 
development avoids the use of the indetermiuate form -, 
and secures all the advantages of the differential nota- 
tion. Many principles are proved, both by the method 
of rates and thai:.' of 'limita"arid thus each is made to 
throw light upon thfi , atf^K.; -. 

In a final chapter, the niethodot infi-nitesimals is briefly 
presented ; its uiiderij'ing principles having been previ- 
ously established. 

The chapter on Differentiation is followed by one on 
Integration ; and iu each, as throughout the work, there 



IV PREFACE. 

are numerous practical problems in Geometry and Me- 
chanics, which serve to exhibit the power and use of 
the science, and to excite and keep alive the interest 
of the student. 

In writing this treatise, the works of the best Ameri- 
can, English, and French authors have been consulted; 
and from these sources the most of the examples and 
problems have been obtained. 

The author is indebted to Professors J. E. Oliver and 
J. McMahon of Cornell University, and Professor O. 
Root, Jr., of Hamilton College, for valuable suggestions; 
and to Messrs. J. S. Cushing & Co. for the typograph- 
ical excellence of the book. 

J. M. TAYLOR. 

Hamilton, N.Y., 
Nov., 1884. 
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ELEMENTS OF THE CALCULUS 



Elemen"ts of the Calcultis. 



CHAPTER I. 
ISTRODUCTIOS. 

1. In the Calculus there are two kinds of quantities considered, 
variables and constants. 

A TulEible is a quantity that is, or is conceived to be, con- 
tinually changing in value. Variables are usually represented 
by the final letters of the alphabet. 

A Constant is a quantity whose value is fixed or invariable. 
Constants are usually represented by figures or the first letters 
of the alphabet. Particular values of variables are couatauts. 

In the Calculus the locus of an equation ia conceived as traced 
by a moving point called the Generatrix. If a = OB, the locus 
of 3^+^=0." is the circle abcd. Now, 
as the generatrix traces this circle, its 
coordinates, x and y, continually change 
in value, and are therefore variables; 
while a retains the value ob, and is 
therefore a constant. 

2. Fnnctioiis and Independent Tari< 
ablea. One variable is n, function of an- 
other, when the two are so related that ^^' '' 

any change of value in the second produces a change of value 
in the first. 

For example, the area of a varying square is a function of 
its side ; the volume of a variable sphere is a function of its 
radius ; all mathematical expressions depending on x for their 
valnes, as ax', bxf-\-c3?, siuar, logx, etc., are functions of x. 

An independent variable is one to which any arbitrary value 
or law of change may be assigned ; as, x in 3?, x in sin x, etc. 
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The symbol f{x) is us^d to cleDote any function of x, and i 
read "function of x." When several functions of a; e 
the same investigation, we employ other symbols, aa f{x)M 
F{x), <f(^)i ^tc-> which are read ■•/ prime function of Xf'H 
" F function of x," " <fi function of ar," etc. According to ti 
notation, y =f(x) represents any equation httweeii x and y,f 
when solved for y. 

3. Algebraic aod Traiucendental Fonctioiig. — An ulgebrati^ 
function is one that is expressed in terms of its variable < 
variables, by means of algebraic signs, without the i 
variable exponents ; as, (tr" — 2 C3?, 5a^ — x, etc. 

All functions not algebraic are called traTtgceiuIentnl. 
are subdivided into exponential, logarithmic, trigonometric, ant 
anti-trigonoTnetric. 

An Exponential function is one in nhich the variable e 
the exponent; as, «", y". 

A Logarithmic function is one that involves the logarithm o 
a variable ; aa, log x, log {bx + c). 

The sine, cosine, tangent, etc., of a variable angle are callcc! 
Tri^nometric functions. 

The symbol Bin"'3r, read " nnti-sine of x" denotes the auglft 
whose sine is x. Sin""'a;, cos~'x, tan-'a;, etc., are called Inven 
Trigonometric, or Anti-Tri^nometric, functions. 

4. A variable is Continnoiu, or varies continuoualy, when, : 
passing from one value to another, it passes successively throu| 
all intermediate values. 

A Continaoiu fjnction is one that is constantly real, i 
varies continuously, when its variable varies continuouttlyd 
Some functions are continuous for all real values of their v 
ables, others only for those between ceilain limits. Thus, 
y = OS! + 6, or y = sin x, y is evidently a continuous function o 
X for all real values of x ; but, if ^ = ± Vj^ — af^, y is continuora 
only for values of x between the limits — j- and 

The Calculus treats of variables and functions only betweeni 
their limits of continuity ; hence all the values of x and /(ai)! 
that it considers are represented geometrically by the coordUf 
nates of the points of the plane curve whose equation is y^/(as)q 



TH&OBY OF LIMITS. 8 

Theory of Limits. 

5. i"or convenience of refereDce, we give here a brief state- 
ment of tlje theory of limits. 

The Limit* of a variable is a constajit quantity which the 
variable, iu accordance widi its law of change. ap[>roaL'lies 
indefinitely near, but which it never reaches. The variable may 
be less or greater tban its limit. 

Thus, if the number of sides of a regular jwlygon inscribed 
in or circumscribed a!>out a circle be indefinitely increased, 
the area of the circle will be the limit of the area of either 
jioIygoQ, and the circumference will bo the limit of the j>eri- 
meter of cither. When the polygons are itiserii>ed, the variable 
area "and perimeter are less than their limits ; and, when the poly- 
gons are circumscribed, the variable area and perimeter are 
greater than their limits. 

By increasing the number of terms, the sum of the series, 
1 +i+i + i + etc. , can be made to approach 2 as nearly as we 
please, but it cannot reach 2 ; hence 2 is the limit of the aam. 

Again, if a point starting from a move the distance ac 
( = Jab) the first second, the distance 

CD (^Jcb) the second second, and so | \ 1— _J 

■^n, AB will evidently be the luuit of the ^ ^ 

line traced by this point. 

Cor. The difference between a variable and its liviit is a. vari- 
able whose liinil is zero. 

6, IftKo variables are contintinlly equal, and each approaches 
a limit, their limits are equal; that is. if s = y, nnd limit (x) 
=" a, and limit (y) = b, a = b. 

For, since x = y, a — x^a—y; hence, as a is the limit of a-, it 
is also of y (§ 5, Cor.). Since a ami b euoh is a limit of y, and 
y cannot approach two unequal limits at the same time, a = b. 

Cob. If one of two vmlinunlly equal variables approaches a 
limit, the oilier approaches the same limit. 

"Till- Btudent should I'arefiiUy note the two eenaea in which the word 
limit a used. In the theory of limits, & tiniit la a value which the Tsriable 
omioC reach ; in other cases, as in g 4, a limit is the greatest or the least 
Talne which the variable acttially reaches. 
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7. The limit of the product of a constant and a variable is the 
product of the constant and the limit of the variable; that is, if 
limit (x) = a, limit (ex) = ca. 

Let V = a — a? ; 

then cx=ca — cv. 

Now limit (cv) = 0, since limit (u) = ; 

hence limit {ex) = limit {ca — cv) = ca\ 

8. The limit of the variable product of two or m>ore variables 
is the product of their limits; thai is, if limit (x) = a, and limit 
(y) = b, limit (xy) = ab. 

Let v = a — x, and Vi = b — y; 

then x=a — v, and y = b — Vi; 

,\ xy = ab — {avi'\- bv — vvi) . 

Now limit {avi -j- bv — vvi)* = ; 
hence limit {xy) = limit \_ab — {avi + 6v — vvi) ] = ab. 

In like manner, the theorem is proved for n variables. 

9. TJie limit of the variable quotient of two variables is the 
quotient of their limits; that is, if limit (x) = a, and limit (y) =b, 
limit (x -5- y) = (a -J- b) .f 

Let z=^x-^y, 

and c = limit {z) , or limit {x-^y). 

Then x = yz; .-. a = bc; §§6,8. 

.*. limit (a;-5-y)[=c] = a-5-6. 

10. TJie limit of the variable sum of a finite number of vari- 
ables is the sum of their limits ; that is, if limit {x) = &, limit 
(y) = b, limit (z) = c, etc., 

limit (x +y + z + •••) = a + b + c + ••• 
Let v^a — x, Vi = b — y, ^2 = c — 2, etc. 

Then a; + 1/ + 2; + • • • 

= {a + b'\-c-\ — ) — (v + Vi + VgH — ) ; 

.".limit {x-\-y -\-z-\ ) 

= limit [^{a -\- b + c -+- '")-'{V'\-Vi'\-V2-+' •••)] 
== a -\- b -\- c -\ 

* When V and Vj have unlike signs, the difference, av^ + 6y — vv^y may be- 
come zero for particular values of v and Vj, but it cannot remain zero, since 
xi/ is variable. The same is true of the difference, v + ^i + ^2+ —, in § 10. 

t This principle does not hold when the limit of the divisor is zero. 



INCREMENTS AND DIFPEKENTIALS. 

Cor. When the product, quotient, or sum of two or more wiri- 
ables is equal to a constant, the product, quotient, or sum of th^ir 
limits is equal to the same constant. 

11. The Change of a variable is ITiiifoim, when its value 
changes eqnal amonnta in equal arbitrary portions of time. Jn 
all other cases the change is variable. 

Thus, if from a toward b a point move ^ — j^ — j— ^ — ^ — ^ — ^ 
equal distances, as Aa, ni, 6c, ete., in equal p,g 3^ 

arbitrary portions of time, the increase of 

the line traced will be uniform. Again, if the motion of a point 
along a straight line be nniform, the change of each of its 
rectilinear coSrdinales will evidently be uniform. 

12. An Inoremeat of a function or variable is the amount of 
its increase or decrease in any interval of time, and is found by 
subtracting its value at the begianing of the interval from its 
value at the end. Hence, if a variable is increasing, its incre- 
ment is positive ; and, if it is decreasing, its increment is 
negative. An increment of a variable is denoted by writing 
the letter A before it ; thus, ix, read ' ' increment of x," is the 
symbol for an increment of x. It y =f{x) , ^x and Ay repre- 
sent corresponding increments, that is, the increments of x and 
y in the same interval of time. 

Let apH be the locus of 1/ =f(x) referred to the rectangular 
axes ox and oy. If, when x = oa, 
Aa! = OB — OA = ab; then 
Ay=Bp' — AP = Ep'; if, when a:=oc, 
Ax = ct; then A!/=FH — CD= — >iii. 

In the last case Ay is negative, but 
it is properly called an increment, '■'^- *■ 

since it is what must be added to tJie first value to produce 
the second. 

13. The Differential of a function or variable at any ralue is 
wbat would be its increment in any interval of time, if at that 
value ite c/iaiigre became «jii' form. Hence, the differential of a 
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variable is positive or negative^ according as the variable is 
increasing or decreasing. The interval of time, thoagh arbitrary, 
must be the same for a function ns for its variable. 

If the change of a variable be uniform^ any actual increment 
may evidently be taken as its differential. 

The differential of a variable is represented by writing the 
letter d before it ; thus, dx^ read '' differential a?," is the symbol 
for the differential of x. When the 83'mbol of a function is not 
a single letter, parentheses are used; thus, d(a^) and(Z(^— 2x) 
denote the differentials of m? and a* — 2 a:. 




14. niostrations of DifferentialB. Conceive a variable r^ht 
triangle as generated by the perpendicular moving uniformly to 

the right. Let y represent its area, x its 
base, and 2 ax its altitude; then y=^aja^. Let 
BH be Aa; estimated from the value ab(= a;') , 
then BHMC will be Ai/. But, if the increase 
of the area became uniform at the value abc, 
the increment of the area in the same time 
would evidently be bhoc ; hence, bhoo and 
BH may be taken as the differentials of y and 
a:, when »= x\ But bhoc = 2ax'dx, hence, 
in general ,dy{_=d (aa^) ] = 2axdx. If a = 1 , y = a*, and dy = 2xdx, 
Here Ay=zdy-\- triangle com. 

The signification of dy=^2ax'dx is evidentl}' that, when 
X = x\ y^ the area, is changing in units of surface 2 ax' times as 
fast as X is in linear units. 

Again, let opn be the locus of i/=/(a?), referred to the axes 
n ox and oy. Conceive the area between ox and 
the curve as traced by the ordinate of the curve 
moving uniformly to the right. Let z repre- 
sent this area, and let ab be Ax estimated 
from the value OA(=a;'); then abp'p = A2;. 
But, if the increase of z became uniform at the 
value OAP, its increment in the same interval 
would evidently be abdp ; hence ab and abdp may be taken as 
the differentials of x and z respectively, when x = x'. 
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Heace dz = abdp =Ardx = y'dx ; or, in general, dz = ^/ili^, 
wliich evidently means that z is cbaugiug y times as fast as a:. 

Area above the axis of x being positive, area below it is 
negative ; hence, where the curve lies below the axis of a;, the 
area decreases as x increases, and ydx is ncfiative as it sliould be. 

Here As = rfi + area pdp'. 

15. The InclioatioiL of a etraiglit line referred to rectangular 
axes is t!ie angle included between the axis of abscissas and tlie 
line. The direction of a line witb respect to the axis of x is 
detfirmined by its inclination. 

The Slope of a line is tlie tangent of ils inclination. Thus, in 
Fig. 7, HZP is t!ie iiidinntion of za, and tannzp is tlie slope of za. 

The direction of motion of the generatrix of a straight line is 
constant, wbiie the direction of motion of the generatrix of a 
curve ia variable- 

A Tangent to a cnrve at any point is t!ie straight line that 
passes through that point, and has the same direction as the 
cui-ve at that point ; or, a tangent to a cur\-e at any point is the 
straight line that the generatrix tcould trace, if its direction of 
motion became constant at that jwint. The slope of a cniTe at 
any point is the slope of its tangent at that 
point. Tims, if, in Fig. 7, pa is a tangent to 
the curve at p, tanrizA is the slope of the 










16. Geometric Signification of i^. l^t mn 
d£ 
be the locus of y=f(x), and let x' be the 
abscissa of any point upon it, as p. If at p 
tlae motion of the generatrix of the cuitc fik- "■■ 

became nniform along the tangent pa, it is 
evident that the change of each of its coordinates would also 
become nutforni. Hence pe, ea, and pa may be taken respec- 
tively as tlie differentials of x, y, and the length of the cnrve, 
trben x = x' ; for they are what would be the simultaneous 
increments of these vai-iahtes, if the change of each became 



uniform at tiic value c 



nsider 



Therefore -^^ = 
dx 
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Fig. 8. 



= tan HZ A, which is the slope of the curve at p. Hence, in 

general, -^ is the slope of the curve y = f (x) at any point (x, y). 
dx 

Cor. 1 . If EA, or dy, be c times as great as pe, or da;, y is 
evidently increasing c times as fast as a?, when x = oi. 

Cor. 2. If s represent the length of the curve mn, pa = ds, 
and ds^ = doci^ + dy^^ in which ds^ denotes the square of da. 

17. Limit of the Eatio of the Increments of y and x. 
Let mn be the locus of y =/(«) , and ed, a tangent at p, any 

point upon it ; then the slope of 

this tangent = ^ (§16). Let 

MN [= Pc] = Ao?, when estimated 

from the value om, then cp'=Ay. 

Draw the secant pp' ; then 

Av 

— ^ = the slope of the secant pp'. 

Aa; 

Conceive Aa: to approach as 
its limit ; then the slope of the 
secant will approach the slope of the tangent as its limit.* 

. limit fAylt^^ 

•• Aa: = 0[^^a.J dx' 

Hence, the ratio of the differential of a function to thai of its 
variable is the limit of the ratio of their increments, as these incre- 
ments approach zero as their limit, 

CoR. 1. It is evident that ^, or j^"^?* f^l is finite, except 

dx ^^ = "|_Aa;J 

where the locus of y=zf(x) is parallel or perpendicular to the 
axis of a;, where it is or oo. 

* This statement, if not sufficiently evident, may be demonstrated as 
follows : When the arc pap' is continuous in curvature, and this arc can 
always be made so small that it will be continuous, the slope of the secant 
pp' is equal to the slope of a tangent to the arc pap' at some point, as a. 
Now, as the arc pap' approaches zero as its limit, the point a approaches p 
as its limiting position ; hence the slope of the secant pf' approaches the 
slope of the tangent pd as its limit. 

limit [Ay] ig read " the limit of ^ as Ax approaches as its limit.*' 
' Aa: = 0[Aa:J Ax 
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Cor. 2. If — ^ be constant, the locus of y =/(«) is evidently 
a straight line, in which case — ^ = ^. 

Cor. 3. A tangent to mn at p is evidently the limiting posi- 
tion of the secant pp' as p' approaches p and arc p'p == 0. 

The following is another proof of the important principle 
established above : — 

Second Proof.* Conceive the area between ox and the 
curve opn (Fig. 9) as traced by the ordinate 
of the curve moving to the right. Let z ^ 
represent this area, and let ab be Ao; esti- 
mated from the value oa ; then Ai/ = dp', and 

A? = ABP'P. 

Now ABDP < ABP'P < ABp'm ; 

.'. y'Aa? < As; < (i/'+ Ai/) Aa?. 
Dividing by Aoj, we have 

I As; , . ^ 

A;s 
Whence — differs from y' less than 2/'+ Ay does ; but 

Ax 




fo[2''+^2']=^''---irio[r3=^' 



But 



Hence 



limit 

dz , 



§ 14. 



imit fAs;"! _ ^ 
^=0[_AajJ dx 



limit 
Ax 



* This demonstration assumes that any function of x may be repre- 
sented graphically by the area between a curve and the axis of x. That 
many functions of x may be thus represented is very evident, and that any 
may be follows from § 67. 



CHAPTER II. 

DIFFERENTIATION. 

18. Differentiation is the operation of finding the differential 
of a function. The sign of differentiation is d ; thus d in d(aj') 
indicates the operation of differentiating ar', while the whole 
expression d(a^) denotes the differential of ar* (see § 13). 

To differentiate aa^, let y = oaj^, and let a?' and y' be any cor- 
responding values of x and y ; then 

y'==ax'\ (1) 

Let Aa? be any increment of x estimated from the value x\ 
and Ay the corresponding increment of y ; then 

y^-f- ^y = «(«'+ Aa;)2 = ax'' + 2aa;'Aaj + a(Aaj)*. (2) 
Subtracting (1) from (2), we have 

Ay = 2 ax'^x + a(Axy, or ^ = 2 aa?'+ a^x. (3) 

Ax ^ ^ 

.•.-^=2aa;', or, in general, dy = 2axdx. § 17. 

dx 

By this general method we could differentiate any other func- 
tion, but in practice it is more expedient to use the rules which 
we proceed to establish. 



Algebraic Functions. 

19. The differential of the x>rodiict of a constant and a vari- 
able is the product of the constant and the differential of the 
variable. 
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We are to prove that d (ay) = ady, io which y is sorae func- 
tion of X. Let M = ay, and let x' represent any value of z, and 
y' and m' the cori-espoudiug values of y and w ; then 

u'=ay: (1) 

IjCt Aic represent anj- increment of x, estimated from the value 
x', and let A^ and Au represent tlic corresponding increments 
of y and m ; then 

M'+Aii = a(3/'+a!/) = ay'+aAy. (2> 

, Sabtracting (1) from (2), member from member, we have 
^^^^^ Au = aii.y. 



limit 



C f'^**"!— limit [n.^~\ = a- '""'' f^l 



§ 17. 



Hence, as x' is any value of x, we have in general, by multi- 
plying both members by dx, 

d« [= d (ay) ] = ndy. 
_dy 



Coo. 



^©-a»)=^ 



20. The differential of a constant is zero. 
This 19 evident, since the increment of a constant in any 
inter\al of time ia zero. 



21. The differential of a polynomial ia the algebraic sum of 
the differentials of its several terms. 

We are to prove that d{v+y—z+a) = dv+dy—dzj in which 
V, y, and z are functions of a:. 

Let w = v + y — z + a, and let x' represent any value of x, 
aud v', y', z', and u' the correeponding values of v, Vi ''i ^'^^ " ! 
then 

u'=v' + y'~z'+a. (1> 
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Let Ao; represent any increment of a;, estimated from the value 
a;', and Ai;, Ay, As, and ^u the corresponding increments of v, 
y, 2, and t« ; then 

w' -h Am = -y'-f- Av + 2/'-f- A2/ — (ai'-f- As) -f- a. (2) 

Subtracting (1) from (2) we have 

Am = Av -f- Ay — A2. 

. Am _ Av , Ay Ag 
' * Aa; Ao; Ao; Aa; 

. limit r^l— limit f^ . ^^^I § c 

••A^ = OLAa;J A^=^0LAa;'^Aa; Aa;J ^ 

...ff = ^ + ?-^ §§10,17. 

aa; ax dx ax 

Hence, as x' is any value of a?, we have in general 

du [ = ci (v -f- y — 2 -f- a) ] = c?v -f- dy — c?2;. 

22. . j?%e differential of the product of two variables is the first 
into the differential of the second^ plus the second into the differen- 
tial of the first. 

We are to prove that d (yz) = ydz -f- sidy, in which y and z are 
functions of x. 

Let u = y2, and let x' represent any value of x, and y', z', and 
m' the corresponding values of y, 2, and u ; then 

u'==y'z'. (1) 

Let Aa? represent an}' increment of x estimated from the value 
a;', and Ay, A?, and Am the corresponding increments of y, «, 
and M ; then 

m' -f Am = (y ' + Ay) (2' -h A?) 

=y'2;'-f- y'As; + 2'Ay -f- A2;Ay. (2) 

Subtracting (1) from (2) we have 

Am = y'^z -|- 2'Ay -f- ^z^y. 

Aa; Aa; Aa; 
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. limit fAwl _ limit Lr A2I limit f^r . . . Ayl 



dx dx dx 



§§7,8. 



Hence, as x' is any value of », we have in general 
du\^=d {yz)2 = yc?2; 4- zdy. 

To obtain this result geometrically, let iS^ and y Represent the 
variable altitude and base of a rectangle 
conceived as generated by the side z moving 
to the right, and the upper base y moving 
upward ; then zy = its area. 

If, at the value dcba (Fig. 10) , dz = ah, 
and dy = ce, d(area) = cefb -+■ bgha ; since 
CEFB -f- BGHA is evidcntl}' what would be the 
increment of the area of the rectangle in 
the assumed interval, if at the value dcba the increase of its 
area became uniform. 

Hence, d(zy) = d(area) = cefb -h bgha = zdy + ydz. 

Here A (zy) = d (zy) -f- bgof. 




Fig. 10. 



23. The differential of the product of any number of variables 
is the sum of the j^roducts of the differential of each into all the 
rest. 

We are to prove that d(xyz) = yzdx -f- xzdy + xydz, in which 
y and z are functions of x. 

Let u = xy, then d(xyz) = d(vz) . 

But d(uz) =: zdu -\- tidz . §22. 

= zd(xy) -h Qcydz 
= yzdx + xzdy -f- xydz. 

.', d{xyz) = yzdx + xzdy + xydz. 

In a similar manner, the theorem may be demonstrated for 
any number of variables. 
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S4. The differential of a fraction is thM denominator into 
the differential of the numerator^ minus the numerator into the 
differential of the denominator^ divided by the square of the 
denominator. 

We are to prove that ^( - ) = ^^~^ , in which y and z are 
ftinctions of x, 

y 

Let i( = ^ then uz = y, 

.'.udz-i-zdussdy. 

dy — -dz 
• i7 dy-' Udz z zdy^ydz 

Cob. a ( - = = _, smce oa = ; that 18, the 

\xj 3cr or 

differential of a fra/ytixm with a constant numerator is minus the 

numerator into the differential of t?ie denominator divided by 

the square of the denominator. 



25. The differential of a variable affected with any constant 
eocponent is the product of the exponent^ the variable with its expo^ 
nent diminished by one, and the differential of the variable. 

I. When the exponent is a positive integer. 

If n is a positiye integer, of = a; • a; • a; to n factors ; hence 
we have 

d(a*) z=d{x*X'XXx>n factors) 

= af^dx -h af'^dx -f- etc. to n terms § 23. 

= naf'^dx. 

II. When the exponent is a positive fraction. 

m 

Let y = a?", then y^ = af*. (1) 

Differentiating (1), we obtain 
ny'^'^dy = mocT'^dx. 
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.'.dyss: 7 dx= ax=^ ax 

^ n 2/"- n y*" n of 

— -1 
= — oj** c?a?. 

III. When the exponent is negative. 

Let 2/ = ic"**, II being integral or fractional ; then 

y = \- (1) 

Differentiating (1), we have 

dy=- ^?^ cZa; = - nx'^'-^dx. § 24, Cor. 

For a proof of this theorem, which includes the case of in- 
commensurable exponents, see § 39, Ex. 25. 

Assuming the binomial theorem, let the student prove this 
rule by the general method of differentiation. 

Cor. d ( Va?) = ix'^dx = — - • 

2V« 

26. The general symbol for the differential of/ (a?) is f\x)dx ; 
hence, if i/=/(a?), dy=f\x)dx. 



Examples. 
Differentiate 

1. a^ + 8a; + 2ar^. Ans, (3ar* + 8 + 4a?)(^. 

d{a^-{-Sx + 2a^)=^d{x^) + d{Sx)-{-d{23^), § 21. 

d(x^) = Ba^dx, §25. 

d{Sx) = Sdx, §19. 

d{23i^) = 4:xdx, §§ 19, 25. 
.-. d{x^-{-Hx-\- 2a^) = (3aj2 -\-8 + ^x)dx, 

2. 2^= 3aa^ — 5710; — 8m. c?2/= (6aa; — 5n)c?a?. 

dy = fZ (3 aar*— 5 na;— 8 m) = d(3 aor^) — fZ(5na;) — d(8 m) . 
[The differentials of equals are equal, and § 21.] 
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3. f{x) = 5 aar* - 3 6V - a6a^. 

f{x) dx = {\Oax - 96V _ 4a6ir8) da?. 

4. /(aj) = a3 + 5«^V + 7aV. 

/' (a;) da; = ( 15 &*a:^ -f- 35 aV) cte. 

5. y = aaHl -f- &a;i -|- c. dy = '^-dx, 

2y/x 

6. y^=2|)a;. dy __P, 

d{y^) = d(2px) . dx"^ y 

7. ay-\-bV = a^b\ dy^-'—dx. 

a^y 

8. /(a;) = (6 -h aa:2)3. f'(x)dx = f(6 + oar^)iaa;da;. 

9. y = (l-|-2ar^)(lH-4a:3). dy = 4a;(l -f-3a?-f- 10a:^)da;. 

dy = '(l + 2a;2)^(x + 4ar^) + (1 + 4ar')d(l -f 2a;2) 

10. y = — !_.. dy = — — T^cfoj. 

(a;4-«>)^ 

11. f(x) = — ^- /'(a;)da; = — ^^^^^dx 
•^^ ^ 6-2ar^ -^ ^ ^ (&-2ar^)2 

12. y = (a+a)Va-a;. dv= ^ ""^^ - da; 

2Va — a5 






1r» X 

i. y=. 



Vi-ha^' 
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18. 27nf-af=:^7?. dy= ^^"^^ dx, 

19. fix) = f^. r(x)dx = §^±^£±l£da.. 

20. y= ^ 



a^ — a^ 



21. f(x)='y/ax-\-V^. /(a;)= ^ + ^^^ > 

2Vx 

92 ^ _ 6aa; , 

25. (a?-2y)(6-3a:) = (c-ar^)(l-y). 

dy __ 5 — 4^4- 6y — 2a?y 
da? ar* — G.aj — c + 2 6 

27. An Xncreasing function is one that increases when its 
variable increases ; hence it decreases when its variable de- 
creases. 

A Decreasing flinction is one that decreases when its variable 
increases; hence it increases when its variable decreases. 

Thus, ax and a* are increasing, and - and a--x are decreasing 
functions of x. 

28. The Derivative of a function is the ratio of the differen- 
tial of the function to the differential of its variable. This ratio 
is sometimes called the denved function or the differential coeffi- 
cient. Hence the derivative of f{x) is f'(x)^ or the ratio of 
f\x)dx to dx. The derivative of y with respect to x is repre- 
sented by ^. If y =/(a7) , then ^ =/'(.r) . Thus, if y = x\ 
^ ^ dx ^ -^v y. dx -^ ^ ^ ' ^ 

-i = 3aj^ ; that is, 3 ar' is the derivative of y, or x^ ; if f{x) = a^, 
dx 

then /(a?) = 6 ar^. 
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29. The Measure of the rate of change of a variable at a 
given instant is what icould be its increment in a unit of time, 
if at that instant its change became uniform. This measure 
of rate is generallj* called the rate. Hence, the rate will be 
positive or negative, according as the variable is increasing 
or decreasing. Thus, when we say that the distance of a train 
from the station was changing, at a given instant, at the rate 
of +30 miles an hour, we mean that this distance would have 
increased thirty miles in an hour, if at that instant its increase 
had become uniform. 

If the change of a variable is uniform, the actual increment 
of the variable in a unit of time is the measure of its rate. 

30. Signification of — . Let t represent time ; then, any vari- 
able, as y, is evidently some function of t. Since time changes 
uniformly, dt may represent any increment or interval of time. 
If dt equals the unit of time, then by definition dy equals the 
measure of the rate of change of y ; and, if dt is n times the unit 
of time, dy is n times the rate of change of y ; hence, whatever 

he the value o/dt, -^ = the rate of change ofy. 

dt 

31 . Signification of ^, or / (a?) . ^ = ^ -f. ^ = the ratio 

^ da? "^ ^ ^ dx dt dt 

of the rate of change of y to that of x (§30). f'(x) ==ii-i-?-s — - 

dt dt 

= the ratio of the rate of change of f{x) to that of x. 

Hence, the derivative of a function expresses the ratio of the rate 
of change of the function to that of its variable; and a function 
is an increasing function or a decreasing function^ according as 
its derivative is positive or negative. 

Cor. The same function of x may be an increasing fVinction 
for some values of x, and a decreasing one for other values. 

Thus, since ^, the derivative of --, is -|- when a; < 0, and 

ar ar 

— when a; > 0, — . is an increasing function when a;<0, and 

ar 

a decreasing function when a; > 0. 
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32. Wheu the change of y is uuiform, it is evitlent that ~ 

is the rate of change of y. When the change of y ia variable, 

the value of -^ evidently lies between the greatest and the least 

values of the rate of change of y during the time A( ; hence, the 

smaller A( ia taken, the nearer -^ approaches the rate of change 

of y at the beginning of A(. 

Hence """" [^1 = I *^^ "^^^ °' change oiy\^dy, , ^ , 
' Af = 0|^^( J \ j,t i-iie beginning of i( ) rf( ' 

jj^ij limit r^~| _ J the rate of change ot x\ _ilx .,. 

'i'= 0[_ii( J ( at the beginning of i( f ri( ' ^ ' 

Dividing (1) by (2), ne obtain, without the aid of a locus, 

Umit fi^l _ ^, 



limit r^l _ 



dx 



Appi 
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1. The area of a circular plate of metal expanded by lieat 
increases how many times as fast as its radius? If, when tlie 
radius is two inches, it is increasing at the rate of .01 inch a 
second, how fast is the area increasing at the same time? 

Let X = the I'adiiis, and y the area of the plate ; then y = itk^. 

.•. dy=2irxdx,or-^ =2iT^ — ; that is, the area is increns- 

" dt dc 

ing in square inches 2irX times as fast as the radius u 



dy 



dt 



iq. in. ; that 
second at the instant 



inches. When a; = 2, and — ^ .01 in, 

dt 
IB, the area is increasing .04 tt sq. in 
considered. 

2, The volume of a spherical soap-bublile increases how many 
times as fast as its radius? Wlien its radius is 3 in,, and is 
increasing at the rate ot 2 in. a second, how fast is its volume 
increasing? 

Atm. The volume is increasing in cubic inches 4 1:3? times as 
fust as the radius is in linear inches. The volume is increasing 
7237 en. in. a second at the instant considered. 
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. 3. A boy 13 running on a horizontal plane in a straight line 
towards the base of a tower 50 metres in height. He is 
approaching the top how many times as fast as he is the foot of 
the tower? How fast is he approaching the top, when he is 500 
metres from the foot, and running at the rate of 200 metres a 
minute ? 

Let X and y respectively represent in metres the distancea 
of the boy from the foot and the top of the tower; thea 
ifz=zx^-{. (50)^, etc. Ans. 199 metres a minute. 

4. A light is 4 metres above and directly over a straight 
horizontal side-walk, on which a man IJ metises in height is 
walking away from the light. The farthest point of the man'a 
shadow is moving how many times as fast as he is walking ? 
The man's shadow is lengthening how many times as fast as he is. 
walking? How fast is the shadow lengthening, and its farthest 
jj point moving, when the man is walking 

at the rate of 50 metres a minute ? 

Let AE be the sidewalk, b the iX)sitioii 
of the light, and od one position of the 
man. Let ae = y, and ac = a; ; thea 
?/ — a? : y : : f : 4 ; .',dy=^^dx. Again,, 
let y = CE, and a?=AC; then y-hx:y::4:^; .\dy = ^dx» 

5. The altitude of a variable cylinder is constantl}' equal to 
the diameter of its base. In general, its volume is changing how 
many times as fast as its altitude ? If, when its altitude is & 
metres, it is increasing at the rate of 2 metres an hour, how 
fast is its volume increasing at the same instant ? How fast is. 
the entire surface increasing at the same instant? 

Ans, ^ttcx^ times, x being its altitude; 54 tt kilolitres an 
hour ; 36 w centiares an hour. 

6. The altitude of a varying frustum of a right cone is con- 
stantly equal to the radius of ♦its lower base, and the radius of 
its upper base is one-half that of its lower baae. If, when the 
radius of its lower base is 4 metres, it is increasing at the rate 
of 2 metres an hour, how fast is the volume of the frustum* 
increasins: at the same instant? 
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The area of an equilateral triangle increases how mauy 
as fast as each of its sides ? How fast is its area increas- 
iDg when each of its sides is 10 in., and increasing lit the rate 
of 3 in. a second ? What is the length of each of its sides, wheu 
its area is increasing in square inches 30 times as fast aa each 
of its sides is in linear inches? 

Ans. 15 VS sq, in. a second ■ 20v'3 in. 

One end of a ladder 20 ft, long was on the ground 5 ft. 
from the fonndation of a building, which stood on a horizontal 
plane, while the other end rested against the side of the build- 
ing. The end on the ground was carried away from the build- 
ing on a line perpendicular to it, at the uniform rate of 4 ft. a 
minute ; how fast itid the other end begin to descend along the 
building? How fast was it descending at the end of two 
minutes ? How far was the foot of the ladder from the building, 
when the top was descendmg at the rate of 4 ft. a minute? 

Aug. 1.03+ ft. a minute ; 3.42 ft. a minuto ; 10V2 ft. 

9. In the parabola whose parameter is 3, the ordinate 
changes how many times as fast as the abscissa? What is its 
slope at any point (x, y) ? Find its inclination at the points 
whoBO common absuissa is J. Is y an increasing or a decreas- 
ing function of K? At what ])oints does the oiilinate change 
numerically four times aa fast as the abscissa? 

In this case, w is a tieo-valued function : and - is + or — , 

y 

according as y is + or — ; .'. the + value of ^ is au increasing, 
and the — value a decreasing, function of x. 

Ana. -; -: 63''26'6" and 116°33'54" ; (i 1) and (i, -1). 

3 y 

10. In the ellipse n^ + /rir = a'ii', tltc ordinate increases 
how many times as fast as the abscissa ? y changes how 
many times as fast as x at the extremities of the axes of the 
curve ? How can the points be found at which y changes c times 
■as fast ns x? What is the slope of the ellipse ut any point? 
What, at the extremities of its axes? Is ;/ an increasing or a 
iJecreasing function of a'? 
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-^ = ^ ; .'. when y changes c times as fast as a?, r- = c. 

dx ay ^2j. <nf 

When X and y have unlike signs, r- is -f- 1 and y is an 

^y Vx 

increasing function ; when x and y have like signs, — j- is — , 

and y is a decreasing function. 

1 1 . What is the slope of y^ = ar» -|- 2 a^ at (a, y) ? What is it 

fora;=2? %x^%^ 

Ana. ± "^ ■; ±1%VT0, 
2Va;-h2aj« ^ 

12. What is the slope of y = ar' — i»^ + 1 at the point whose 
abscissa is 2? 1? 0? -1? Ans. -f 8 ; -f-1 ; -f-0; -f-5. 

13. At what point on 2/^ = 2 a:' is the slope 3? At what point 
is the curve parallel to the axis of a;? Ans. (2, 4) ; (0, 0). 

14. At wliat angles does the line 3y — 2a; — 8 = cut the 
parabola y^ = Sx? 

Find their slopes at their points of intersection ; then find the 
angles between the lines having these slopes. 

Ans, tan"^2 and tan"M25. 

15. One ship was sailing south at the rate of 6 miles an hour ; 
another, east at the rate of 8 miles an hour. At 4 p.m. the 
second crossed the track of the first at a point where the first 
was two hours before. How was the distance between the ships 
changing at 3 p.m. ? How at 5 p.m. ? When was the distance 
between them not changing? 

Let ^ = the time in hours, reckoned from 4 p.m., time after 
4 P.M. being +, and time before — . Then 8^ and 6^+12 will 
represent respectively the distances of the two ships from the 
pohit of intersection of their paths, distances south and east 
being -|-, and distances west and north being —. Let y = the 
distance between the ships ; then, 

' 'dt [64^2^(6^-hl2)^]4* ^ ^ 



3."' 
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When y does not change, %= 0. .-. from (1), 100 ^ +72=0 ; 
.-. i= — .72 of 60 minutes =— 43.2 minutes. Therefore, the 
distance between them was not changing at 43.2 minutes before 
4 P.M., or at 16.8 minutes after 3 p.m. 

Ans. Diminishing 2.8 miles an hour; increasing 8.73. 

33. Velocity is the rate of change of the distance passed over 

by a moving body. Hence, if s = the distance and v = the 

ds 
velocity, v = ^— (§ 30). If the unit of s is one foot, and the 

dt 

unit of t one second, v = — ft. a second. 

dt 

Acceleration is the rate of change of velocity. 

dv 
Hence, if a = acceleration, a = — - (§ 30). 

dt 



Examples. 

1 . If s = 2 ^, what is tlie velocity and acceleration ? 

Here v = — = 6^^ ft. a second ; a = — = 12< ft. a second : 

dt dt ' 

da. 

und the rate of change of acceleration = — = 12 ft. a second. 

dt 

2. If gr = 32.17 ft., «=!<- is the law of falling bodies in 

vacuo near the earth's surface ; find the velocity and accelera- 
tion in general, also at the end of the third and the eighth 
second. 

An%. a = 32.17 ft. a second ; v = 32.17^ ft. a second ; 96.51 ; 
257.36. 

3. Given s = a^i, to find v and a in general, and at the end 
of 4 seconds. 

Ans, V = and - ft. a second ; a = and ft. 

2Vr 4 ' 4V? '^'^ 

a second ; that is, the velocity decreases at the rate of ft- 

Wt;' 
a second. 
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4. Given a' = 8^, to find v and a in general, and at the end 
of 8 seconds. 

-4715. V = —r—z and 4 ft. a second. 

5. A point moves along a pai*abola with a velocitj'^ v' ; re- 
quired the rates of change of its coordinates. 

Since y*= 2»aj, -2 = -^. (1) 

dx y 

Us represents the length of the curve traversed, by the 
conditions of the problem, we have • 

at ^ ^ 

But cZg _ dy _ (iH ^ dy ^ Vda^ -h df _dy l^ da^ .^. 

dt dt dy dt dy dt\df' ^ ^ 

since ds = Vdar* -f cZy^. § 16, Cor. 2. 

Prom (1), (2), and (3), we obtain 

dt\ ^p2' ^ v5?T? 

which is the rate of change of y. 
In like manner, we obtain 

-— = — ■ ^ v\ the rate of change of x. 
dt y/p^J^f 



Lograrithinic and Exponential Functions. 

34. The differential of the logarithm of a variable is the quo- 
tient of the differential of the variable divided by the variable 
itself multiplied by a constant. 

Let y = nx; (1) 

then dy = ndx^ (2) 

« 

nud log„.v*=log„w-f-log„a?. (3> 

* iogay is read, "the logarithm of y to the base a." 
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From 


(1) and (2), 
dy dx 
y X 




From 


(3), 






^Ooga.V) = 


^^(log„a;). 


From 


(5) and (4), 






^(loga.y) 


d(\og^x) 


\ 


dy 


dx 




y 


X 



(4> 



(5) 



dx 
Whence diXog^x) bears the same ratio to — that d^iog^y) 

X 

does to -^. Let m be this ratio for some particular value of x^ 

y 

as x^ ; then d(logoaj) = m — when x = a;', and d{\og,^y) = m-^ 

X y 

when y = nx' ; but, as n is an arbitrary constant, nx' may be 
any number. Hence, in general, d(logay) = m-^, in which m 

y 

is a constant.* 

The constant m is called the Hodulns of the system of loga-^ 
rithms whose base is a. 

36. Let m and m' be the moduli of two systems of loga- 
rithms whose bases are a and h respectively. If a > 6, 
it is evident that log^a must change more slowly than logta;; 
.*. d(log,a;) < d (logftO;) ; that is, 

dx ^ fdx ^ f 

m — < ??r — , or m < m\ 

X X 

Hence, the greater the base of a system of logarithms, the smalh)*- 
is its modulus, 

36. Haperian System. The system of logarithms whose 
modulus is unity is called the Naperian system. The symbol 
for the Naperian base is e, 

* See Rice and Johnson's Calculus, p. 39 ; Olney's Calculus, p. 26 ; alsa 
Bowser's Calculus, p. 20. 
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The differential of the Naperian logarithm of a variable is^ 
therefore^ the differential of the variable divided by the variable. 

Thus wc see that Naperian logarithms are the simplest and 
most natural for analytic purposes ; and, hereafter, the symbol 
log will stand for the Naperian logarithm. 

37. Tlie differential of an exponential function with a constant 
base is equal to the function itself into the logarithm of the base 
into the differential of the exponent^ divided by the modulus of the 
system of logarithms used. 

Let y = C, then log^y = x log^c ; 

djt c*loga<5 

.-.m — = log„cda?; .\ dy[^d{(f)'] = — 5^;— ^• 

Cor. In the Naperian system, the modulus being unity, we 

have 

d{(f)= (f\ogcdx\ 

also, ^(^) = ^dx^ since loge = 1. 

38. The differential of an exponential function with a variable 
base is the sum of the results obtained by first differentiating as 
though the base were constant^ and then as though the exponent 
were constant. 

Let ?( = ,v*, then log u = x log y ; 

. c?w , , . dy 
.• — = iosydx 4- x-^ ; 

u ^^ y 

/. du = ylogydx -f xf-^dy^ 

which is the result obtained by following the rule given. 

39. Logarithmic Differentiation. Exponential functions, as 
also those involving products and quotients, are often more 
easily differentiated by first passing to logarithms. This method, 
which is illustrated in the two preceding demonstrations, is called 
logarithmic differentiation. 
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Examples. 



1. 2^ = log(ar' -}-«;. 



2. 2^ = logaVl — ic*. 



3. /(a:)=log«a^. 

4. /(») = a;loga?. 



5. 2^ = c'*8". 



G. /(a:) = (loga;)». 

7. /(a;) = af. 

8. y = Qif, 



dy= J^"^ da?. 
ar-ha? 

, . 3 moj^ , 
ay = ^— ^: ^ ax. 



/'W = 



2(a.'3-l) 
3wi 



X 



f\x) = \ogx+l. 



dy = 



tlog ax 



logc 



X 



dx. 



/'(a:) = af(loga; + l). 



logy = of logaj; .-. — = af h log a; [af (log a; -|- l)]daj. 

2^ a; 



.•.d!y=^af*af 



log a; (log a? -1-1)4- 



1 



a; 



dx. 



9. y = a^. 

a»-l 



10. y = 



a' -1-1 



U. y = log 



a; 



^_^g« l-Ha;loga? 
daj a? 

^ ^ 2a'logjitiaj 
^ (a' -1-1)^' 

c^y_ 1 



ViT^ 

12. y = log(loga;). 



13. y = ^. 



dx x(l +a?) 

dy_ 1 

daj a: log a; 




14. y = ^^I±5. 



dy = 



dx 



In this example and some that follow, pass to logarithms. 
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15. y = 



(a -far)" dx (r«-fa?)"+* 

17. y = log-^. ^ = ^_. 

18. y=.A ^^ J'il-Hx) ^ 

^ dx or 

19. ?/ = e''(l-a^). ^ = e''(l-3iB2_a^)^ 

(far 

20. v = f-^i-'. ^ = 



.1. ,=(l 



e' + e * c?a; {e' + e-'Y 



22. 3^= (a'-f-l)^ f72^ = 2a*(a*4-l)logacfa:. 

'23. Which increases the more rapidly, a number or its 
logarithm ? 

Lot y = log^a?, then dy =^—dx\ hence log^a; changes faster or 

X 

more slowl}' than », according as a; < or-> m. 

Since, in the Naperian s^'stem, m = 1, da?= xdy ; that is, the 
number x changes x times as fast as log«a;. 

RzM. The ratio of the rate of change of a number to that of 
its logarithm is variable ; and yet the hypothesis, that it is con- 
stant for comparative!}' small changes in the number, is 
suflSciently accurate for practical purposes, and is the assump- 
tion made in using the tabular differences in tables of logarithms. 

24. If 2/ = logioOJ, X changes how many times as fast as y, 
when X — 2560, the modulus of the Common system being 

.434294 ? 

dx X 2560 KOrtR 1 

-— = — = --— = 5895 nearly. 

dy m .434294 ^ 
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25. By means of the formula d(\ogx) = — , findcZ(aj**) in 
which n is any number, commensurable or incommensurable. 

Let u = OEf^^ then log u = n log x ; 

die dx , ^_ij 

/. — = n — 1 or du = waJ* ^oa?. 

u X 

If a; were negative, to avoid logarithms of negative num- 
bers, we would square both members of w = af* before differen- 
tiating. 

26. In like manner, obtain d(xy)^ d{xyz)^ and ^-\ 

27. Prove that d (— log ^^^ -f- log c^ = -^^^• 

\2a ic-fa J x^ — dr 

dx 



28. Prove that d [log (a; -f- Va^ ± a^) -f log c] = 



Va^± «^ 



29. What is the slope of the curve x = logioy, or y = 10'? 
What at a? = 0? What at y = 5? 

Arts. ^-^ — ) 2.3-1- ; 11.51-f-. 
.43429' 



Trigronometric Functions. 

40. In the higher mathematics, the unit of angidar measure 
is the angle whose measuring arc is a radius in length ; hence, 
if X represents the length of the measuring arc of any angle, 

and r its radius, the angle equals - ; or, if r = 1, the angle = x. 

r 

In what follows we shall assume r = 1 . 



41. The differential of the sine of an angle is equal to the 
cosine of the angle into the differential of the angle. 

The differential of the cosine of an angle is equal to minus the 
sine of the angle into the differential of the angle. 
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For, let X represent any angle, or its measuring arc, and let 

AC be any value of this arc. If at c the mo- 
tion of the generatrix became uniform along 
the tangent cd, it is evident that any simul- 
taneous increments of its distances from c 
and lines ba and bh may be taken as the 
differentials of the arc, the sine, and the 
cosine, when a; = ac ; that is, if cd = dXy 
ED = d(sina;), and — ec = d(cosx). Now 
angle edc = abc = a; ; .*. in triangle edc, 

ed[= d(sin a?)] = cos xdx^ 

and — EC [ = (Z(cos a;) ] = — sin a; dx. 

Hence, as abc is any value of a:, we have in general 

cZsina;= cos xdx^ 




QJL 



and 



d cos aj= — sin xdx. 



42. The differential of the tangent of an angle is equal to the 
square of the secant of the angle into the differential of the angle. 

sin a; 



For 



tana; = 



.'.cZtana; = 



cos a; 
cosajdsina; — sina;dcosa; 



cos^a; 



_ (co8^a;-f8in^a;)c?a? 
dx 



cos^a; 



cos^aj 



= sQC?xdx. 



43. The differential of the cotangent of an angle is equal to 
minus the square of the cosecant of the angle into the differential 
of the angle. 

For cot a; = tan ( ? — aj] ; 



\2 



TT 



TT 



.•.c?cota; = sec^( — a; IcZf — aj )=— cosec^a^daj. §42. 

44. The differentiid of the secant of an angle is equal to the 
secant of the angle into the tangent of the angle into the differential 
of the angle. 
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For 



sec 05 = 



'.dsecx = 



cos a 
—dco&x 



cos^aj 



BJnxdx 
cos^a? 



= sec a; tan a; do;. 



For 



cosec X = 



46. The differential of the cosecant of aii angle is equal to 
minus the cosecant of the angle into the cotangent of the angle into 
the differential of the angle, 

= sec(- — a? 1 : 
V2 J' 

.•.c2 cosec a? = sec f - — a; Uanf - — a? jdf - — a; ] § 44. 
= — cosec X cot xdx. 

46. d vers a? = d(l — cos x) = sin xdx. 

47. d covers a? = d(l — sin a;) = —cos xdx, 

48. To prove these theorems by the method of limits, we 
need the following lemma, which is very useful also in the 
theory of curves. 

Lemma. The limit of the ratio of an arc of any plane curve 
to its chord is unity. 

If s represents the length of 
the curve m«, and pb = dx^ 
PD = cfa ; and if pc = Aa?, arc 
pap'=A5. Since 5 is a function 
of a?, w^e have 



imit [^L] = ^. 
x=0[^^a.J clx 



limit 
Ax 



But lin^it f choixi ppH _ ds 
Ax=0L Aa? J dx 




Fig. 13. 



limit 



since "°™. ^ fsec cppH = sec bpd. 



Hence, by division, we have ii™.^^ -; — ^; — : 
•^ ^« = ^Lchordpp'J 



liniitr_^i_1=l. 



§9. 
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Cor. Since one-half of the chord of an arc whose radias is 
unity is the sine of half the arc, 

Umit 



limit fsin xl 



Xr-- ■ ^* 



t 



48. To prove that d am x a cos x dx &y the method of limits. 
Let y S3 sin a; ; 

then Ay = sin {x + Ao;) — sin x. 

But, from Trigonometry, we have 

sin a? — sin y = 2 cos^(a; + y) sin^(a? — y). 
.*. Ay = 2cos(a; + ^ Aa;) sin ^ Aa;. 

.•.^ = cos(a. + iA«)2lHi^. 

N^^ AJC^ ^^^^ (^ + i ^^)] = COS » J 

.'. -^ = cos a?, 
da; 

The other theorems can be proved in like manner. 



Examples. 
Differentiate : 

1. sinaa;. An$. a cos axdx. 

2. y = co8*. ^=_l8inf. 

a ax a a 

8. y = cosa^ = cos(a?). dy=: — 3a^sin^^. 

4. f{x) = tan'^aj =s (tana?)*. f\x)dx s mtan"'~^a;seG^a;cte. 

5. /(aj)=:tanaj + sec». /'(aj) = L±^- 

cos' a? 

6. y = 8in(logx). %^cos(logx) 

cto a; 
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7. y=5log(tanaj). -^ = — -, ^ » 

dx 2sma;cosa; sm2aj 

8. y = log(8ma?). ^ = cota?. 

dx 

^ ^^ ^ dx sin 2a? 

0. y=: "" [sacosay — sina;]. 

sec a; 

1. yzrzixf'^^*. dy = ixf~^€^'(n + x cos x)dx. 

2. y = sin(na;)sm''a?. dy = n sin^'^a; sin (na; + x)dx, 

3. y = €*logsina?. dy=:e*(cotaj + log8ina?)(fo?. 

4. y = tan(loga;). 

5. y = log sec a;. 

6. y^ ^^. 

^ 2 8in«a? 

7. y = 4sm"' oa?. dy = 4 am sm"*"'aaj cos aa?(Zaj. 

8. y = «*»-. - ^^a^'f^ + iogxcosx\ 

9. y = (sinaj)*"*. ^ = (sina;)**"(l+8ec2a:logsma?). 

ox 



1 1 



1 



dy a* sec* a* log a 

20. y = tanaP. ^= ^-^• 

21. y = *5^-tanaj + a?. ^ = taii*a:. 

3 cla; 

22. y = e<-+*>*-Bmaj. ^ = e(«+'>*[2(a+a?)8ina:+cosa:]. 

dx 

23. t/ = e"^^ cos nc. -2 == — e~**^ (2 a*a? cos ra? + r sin rx) . 



o^ i. -/i c?v — (secVl —a?)* 

24. y = tanV 1 —a?. -;^ = — ^^ — , — ^• 

^ 2vnrs 
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25. Are sin a?, cos a;, and tana? increasing or decreasing flinc- 
tions of X? 

d cos x = ^s\nxdx; and — sin x is positive when x is of the 
thii*d or the fourth quadrant, and negative when x is of the first 
or the second ; hence, cos x is an increasing function when x is of 
the third or the fourth quadrant, and a decreasing function when 
X is of the first or the second, d tana; = nec^xdx^ and sec* a; is 
always positive; hence tan or is an increasing function of x 

between its limits of continuity ; that is, between x= — ~ and 

X ^— "~. ex/C. 
2 

26. At what values of x does sin x change as fast as a?? At 
what values does cos a^? tan or? cot a;? 

Ans, sin x does, when a? =? and tt ; 

cos X does, when a; = - and 4^« 

2 

27. If the change of x and cos x became uniform at 30**,. 
how much would cos a: decrease while or increases from 30® to. 
30M5'? 

Let y = cos x ; then dy^ — sin xidx = — \dx^ when x = 30®. 

Let da? = 15' = SJil^ = .004363 ; then dy = - .002182. 

180x4 

Hence cos x would decrease .002182. This is evidently lesa 
than the actual decrement. 

28. A vertical wheel whose circumference is 20 ft. makes 5^ 
revolutions a second about a fixed axis. How fast is a point 
in its circumference moving horizontally, when it is 30® from 
either extremity of the horizontal diameter? 

Ans, 50 ft. a second. 

29. What is the slope of the curve 2/ = sin a?? Its inclinatioD 
lies between what values? What is its inclination ata;=:0? 

Whatataj = -? 

2 

The slope = cos x ; hence, at any point, it must be something 
between —1 and -fl inclusive. Hence, the inclination of thet 
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IT 



curve at any point is something between and -, or something 
between f tt and ir inclusive. 

Ans. -; 0. 
4 

30. What is the slope of the curve y = tan aj? Its inclination 
iies between what values ? What is its inclination at a; = ? 

Whatata; = -? 

4 

Ans. sec^x; between - and - inclusive ; -; 63° 26' 6". 

4 2 4 
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60. c«(sin-^a;)*= ^^ 



Vl-ar^ 
Let y = sin ~*a;, then x=siny; 

/. dx = coaydy = Vl — sin^ydy = Vl — a^dy. 

.\dyl=d(sm~^x)} = —^^ 



Vi-if2 



51. d(cos-^a?) = df^ - sin-^o?^ = — — § 50. 



52. d(tan-ia;)= ^ 



Let y = tan~*a;, then x = tan y ; 

.-. dx = sec^ydy = (14- ta\r^y)dy = (1 -j- a^)c?y. 

* To avoid the ambiguity of the double sign ±, we shall, in these formu- 
las, limit sin-'x, cos-'x, etc., to values between and -. They may be 

made general, however, by writing the double sign in the second member 
of each. 
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54. d(Bec~^x)=r • 



aVa? — 1 
Let y ■= sec *«, then x = sec y ; 

/. dx = sec y tan ydy=: xy/o? — 1 dy. 



.•.dy[s=d(Bec~*a?)] = 



a?Va:^— 1 



55. d(co8ec-*aj) = d(| — 8ec-*a;j = — 



56. d(vers~*a;) = -^ , 

V2a;-a^ 

Let y = vers" ^ a;, then a? = vers 2/ ; 



ajV«^— 1 
(2a; 



/. (2aj s= sm 3/(22/ = Vl — eos*^/ (2y 



.'. (2y [= (2(vers"^a?)] =» 



= Vl — (1 — versy)' (2y 
= V2versy — vers^y dy 

s=V2a? — «^ (2y. 

(2x 

*■ 

V2a;-a? 

(2x 



57. d (covers"* a?) = (2 (^ — vers"* a? j s=5 — 



V2aj-a? 



Examples. 



1. Prove that (2/'sin-*5^ = —^z=- 

V ay Va^-aj* 



,/ . _ia?\ W e2a; 
(2fsin ^-- =— 7= „ =s , 



^'-©" 



§50. 
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2. Prove that dfcos-^^V -^— ; d('tan~'5^ = «^ ; 

\ aj a^ + a? \ aj ajV^X^ 



V2aa? — aj^ 



d/'^ 






cto 



coters ^ 

\ «/ V2aaj — aj* 



a; 



^ dx 1+a? 

^ 1-faj* dx l + 6aj* + a:* 

6. ys=8m * — i — • -^ = 



— — ao/»~^'. 



7. y=ssec 



V2 ^ Vl-2aj-aj» 



2a?— 1 dx Vl— a? 






8. y 



2naf 



-1 



aj^ + 1 cia? ar^ + 1 



9. i/ = tan~^(«tana5). -^ = 



n 



cto cos* x + n^ sin* a? 



10. y = af^«-\ ^^af^n-^(^Jl^ + J2£^\ 

dM \ X vT^/ 

11. A wheel whose radius is r rolls along a horizontal line 
with a velocity v' ; required the velocity of any point p in 
its circumference; also the velocity of p horizontally and 
vertically. 
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Let APX (Fig. 14) represent the cj'doid traced by the point p, 

referred to the axes ax and 

^ „ y^^^^^T^X ^"^^ AY ; t^®^ ^^^ ^^6 horizontal 

and vertical velocities of p 

be the rates of change of x 

and y respectivelj'. d be- 

X ing the point of contact, 

AD = r vers"*^^- Since the 

r 

centre is vertically over d, its velocity is equal to the rate of 
increase of ad ; 

... V' = ^Y'-vers ^^) = ^ ^. 

dt \ rj ^2ry — fdt 




/. -^ = ^ — ^v' = the velocity vertically. ( 1 ) 



Since ae = ad — ph, and ph= Vyi'ir — y), the equation of 
the cycloid is evidently' 

X = rvers"^ V2 ry — r^. 

/. dx = ^ dy. 
V2ry'-f 

Dividing by dt^ and substituting the value of -J^, we have 

dt 

^ = Vfk^ ! = ?''' = ^^' """^"^^^ horizontaUy. (2) 
From § 16, Cor. 2, and equations (1) and (2), we have 
ds = Vd^^^fdf = P^^^ + Pj'v'dt^^^v'd^. 

• ' • -^ = ^— v' = the velocity of p ; (3 ) 

for the velocity of p equals the rate of increase of s. 

* The symbol — indicates the operation of taking the derivative with 
respect to <. 
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From (1), (2), and (3), we have, 

if y = 0, ^=0, ^=0, and— = 0; 

at at dt 

if y = r, ^ = v', ^=v', and^ = V2^'; 

at cU at • 

if y = 2r, ^ = 0, — = 2<and— = 21;'. 
^ ' dt dt ' dt 

Hence, when a point of the circumference is in contact with 
the line, its velocitj' is zero ; when it is in the same horizontal 
plane as the centre, its velocity horizontally and vertically is the 
same as the velocity of the centre ; and when it is at the highest 
point, its motion is entirely horizontal, and Its velocity is twice 
that of the centre. 



Since ^=^p^r^:^^;r; 

dt \ r r ' 

ds I /K — 
dt ^ 

Hence the velocity of p is to that of c as the chord dp is 
to the radius do ; that is, p and c are momentarily moving 
about D with equal angular velocities. 



Miscellaneous Examples. 



i. If y =/(«) , show that 



Umit r^1== limit [ A^ + AaQ -f(x) ' 



=f(x). 



2. Find ^- f , "^ \ ^^«- 7-r^, 

df aj3 -| 3a^ 
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/(a!) = (2a!-6)e" + 4(«+l)c"+l. 

5. y - log tan-»a!. ^= L___. 

dx (l + a^)tan-*aj 

6. FmdA[a;«_31og(l + a^)»]. ^^. 



Vas* + o» - Vi?+^ 
Rationalize the denominator before differentiating. 



10. y= J l-«^ - dy^ -2a?(2-a^) 



11. y = (aj+Vr^)-. ^ = n(a? + Vl-g')*"^ /-^ 



a; 



da Vl — a? 



12. y=iog(vrT^+vr=:?). ^=-(^1 — pL=^ 

Q (sin na;)"* dy mn (sin no;) """^ cos (ma — na?) 
1^- 2^— /^ \n "JZ^ / \n+i 



(cos mx) * da; (cos mx) 

14. Vr+^+Vnr g^ ^^«l/i+_J_>( 

ler 4. -iX . I la? — a dy 2aa:^ 

15. 3, = tan '- + log^.^^. i = ?^ 
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16. y » 8ec-^_^=. ^ ^^. 

17. /(a!) = (o» + a!»)tan-'-. /'(«) = 2 astan-'-H-o. 

18. y-Vr3^8m->»_«. ^=--^==- 

19. y = sin-^i^. ^= ^. 

1 + aj* da? 1 + a;* 

20. Find A (e« sin- raj). 

dx 

f (x) = e*" sin*"* ra5(a sin ra? + mr cob rx) . 

21. 3^aslog(2aj-l + 2Vaj2^a;-l). ^ = 



22. y ^ cos-'l±^^^. dy^—^ 

5 + 3cosaj 5 + 3cosa; 

23. f(x) = €<•+*>' sin x. f(x) = 6<*+»>'[2(a + aj)sinaj + cosa]. 

24. y = log[log(a + 6af)]. dy= w5aj"-^dte 



(a + &af ) log (a + baf) 

3i?dx 



25. y^log/'^Y-ltan-ia?. dy = 



1-aj* 



26. y = sin-^i±^. dy ^ 

Vl3 Vl-Saj-x-^ 

27. y=e^tan-^a;. ^ = 6^r-^ + aftan-^aj(l + loga;)1. 

cto 1^1 +ar J 



28. a;s=:6 y . 



ic — V 1 aj . dv loff aj 

^ = logaj: /. v = ; ; ,\-^ = ^ -• 

y ^ > ^ 1+loga; dx (l + logaj)^ 
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29. y = 



1+— ^ 



1+ ^ 



1 + etc. to infinity. 



y = r-r-'> ••dy=± 



l+y Var'+i 



30. w = log(a!+v'^^=^) + 8ec-'-. ^=lJ^±£. 

a dx x^x — a 

31. y = logV^^^+^vi. ^ = V2 






2/ = ilog^^^^i^ = log( vTT^ + a?). 

33. Given /(x) = 3 o^ - a? + 6 ; to find /(y) , /(a) , /(2) , /(O) , 

/(a^ + y). 
When, in connection with the symbol /(a), expressions like 

f(y)^ /(«)» /(2)» /C^)? f(^+y) are employed, they denote 
respectively the results obtained by substituting y, a, 2, 0, and 
x-^y for a? in the value of /(a) . Thus here f{y) = 3y^-- y -f 6, 
/(a) = 3a2-a + 6, /(2) = 16, etc. 

34. Given<^(a;) = 4a^-a^; find <^(2;), <^(&), <^(1), <^(3), <^(0). 
Given f{x -f y) = a'+^ ; to find f(x) , /(2/) , /(5) . 

35. Find df(a +x), / (a + a?) d(a + a) , or / (a 4- «) dx. 

36. Find d/(aa;). /'(aar)acfic. 

37. FindA/f^Y /f^")^. 

38. Find d/(aj-f y). /'(a? + 2()(<?a;4-(«2/). 




ESTEGRATIOS, 



58. A function or variable is called the Integral of its differ- 
L'litiiil. Thus, ar'' is tlie integral otSafdx; and f{x) + C, C hQiug 
Miiy coDstaDl, ia tlie integral otf'(x)dx. 

Integratioii is the opei-atioa of finding the integral of a 
differential. 

The problem of differentiation and the inverse problem of 
integration may be stated also as follows ; 

That of Differentiation, or of the Differential Calculus, is, To 
Jiud the ratio of the rates of change of a function and its variable. 

That of Integration, or of the Integi'at Calculus, isi, Havincf 
given the raiio of the rates of change of a function and its vari- 
able, to find the function. 

The sign of integration is j . Tims, J iu J 4ar'(ii indicates 
the operation of integrating An^dx. Hence, il and J , as signs of 
operation, neutralize each other. For example, _) di^?) =^, and 
d J 3 ai'fts = 3 aftto. The whole expression j ix\ix, read "the 
integi-al of AoMai," represents the integral of i3?dx. 

59. Elementary PrincipleB. 

I. Since rtC= 0. C being any constant, J 0=C. 

Hence, as may be added to any differential, the getieral form 
of its integral will uontain an ind^erminaie constant term. 

In the Applications of the Calculus, this constant term ia 
eliminated, or determined from the data of the problem. 

II. Sioue d{ijT! + ac) = adi/, 
.■ J t(dy = J rf(ay + uc) = a(y + c) 

= a§a{y+c.)^'<id;/. 



44 



INTEGRATION. 



Hence, a conttarU factor can he moved from one Hde of the 
sign of integration to the other without changing the value of the 
integral. 

III. Since d{x '•y'\'Z'\'C)^dx — dy'\-dz^ 
/.J (da:--dy-f-cfe)s=sa; — y-l-2+c 

sijdx-^jdy + jdz. 

Hence, the integral of a sum of terms is equal to the sum of 
the integrals of the terms. 

60. Tnndamental Formulas. Since integration is the inverse 
of differentiation, general formulas for integration may be 
obtained by reversing the general formulas for differentiation. 



dx 



2. faa^(to = 55^-f C, 
•^ n+1 



J(tx 
— = loga; + logc,* •.•d(logaJH-logc) = 

X X 

+ 1 V^+1 J 

3. J a*loga(to = a*-fC '.•cf(a'-i- (7)=sa*logada?. 



4. J cos xdx S3 sina? + (7, 

5. J — sinajda5 = co8aj-f C 

6. J ^QQ?xdx =t tana? -f C. 

7. J — cosec^«daj.»=cota?-fC. 

8. J sec a? tana: da; = sec a: -|- C. 



•/ (i(sin « -f- C) 5= cosa^dx. 



* When the integral is a logarithm, it is customary to write the indeter- 
minate constant term as a logarithm. 
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9. J — coseca? cotxdx = coseca; -f C 
. j sina5(to = ver8a?-f C or — cosa? + C. 



10 



•11. I — cos a: do? = covers a? -I- C, or — sinaj-f C 
12. f ^ =sm^a;4-C. 

•13. f ""^^ = cos-^a; + C, or - sin-^a? -f C". 

14. f-^=taii-^a;+a 
J 1 + aj* 

♦15. f-H^ = cot-^a? + C, or - tan-^a? + C 
. J l + ar 

16. r_^_, = sec-^a;+C. 
♦17. r — "" =5 cosec-^a? + (7, or — sec-^aj + C". 

J /».^/<r« — 1 



a?V«* — 1 

cfa; 

V2a? — a^ 



18. r_:^== = vers-ia;4-C. 
•/ V2aj — aj* 



, = covers~^a? + C, or — vers~^a; + C". 

V2a;-aj» 

The differentials in these nineteen formulas are the funda- 
mental integroble forms^ to one of which we endeavor to reduce 



* Two integrals haying the same or equal differentials must change at 
the same rate; hence they must he equal, or have a constant difference. 
The constant difference hetween the variable terms of the integrals in tlie 

last four starred formulas is evidently ^ ; for, when ar < -, 

C08~^ Of + sin-1 Of = -, cot-ia: + tan-ia:= -, etc. 

The starred formulas are not necessary, since the second integral in 
each is given by a previous formula. 
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every differential that is to be integrated. The processes of the 
Integral Calculus are largely a succession of transformations 
and devices to effect this reduction. 

61. To facilitate the application of formulas 1 and 2, they 
may be stated as follows : 

I. The integral of a fraction whose numerator is the different 
tial of its denominator is the Naperian logarithm of the denomi- 
nator^ plus a constant. 

II. Whenever a differential can he resolved into three factors^ 
— viz.^ a constant factor ^ a factor which is a variable with any 
constant exponent except — 1 , and a factor which is the differential 
of the variable toithout its exponent^ — its integral is the pi^odiict 
of the constant factor into the variable with its eocponeat increased 
by 1, divided by the new exponent^ plus a constant. 



Examples. 
Find 

1. ^a:x!^dx. Ans. — -\- O. 
^ 7 

2. jbxhdx. |&a?i-f C. 
S. J2xtdx. firf-hC. 

4. J (^(^a;5 — ^bx^)dx. aa^ — bx^-^ C. 

5. C^ = C-^x-'^dx. - x * + C. 



/ dx 



0^ a^J a^ Ss^ 

2V«+(7. 
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'adx a 



9. n*^. « + a 



J of 

Since d(6aa*-f 8 &aj») = ( 12 aa; + 24 6aj2)daj, we see that 
the difTerential factor (2(ix-\-4bix^)dx must be multiplied 
by 6 to make it the differential of the variable Qaa^ -f 8&ar^. 

^.'.fb(6aa? + Sb3i?)^(2ax + 4:bo^)dx 

=— (6aar*-f86aj3)S + C. § 61,11. 

16 

11. I [a(aar + &a^)idaj + 2&(aaj-f &aj^)iajcto]. 

= r(aaj + ba^)^(a + 26a?)daj = f (ax -h &«*)* + C. 
2. r(2a + 36aj)»daj. — (2a-f36a;)*+ C. 

4.J"(H-faj)*daj. ^(1 4.|a;)a+ C. 

5. r(6a^+2a2_5)(3^_l)^^ 15^_ lI^ + 5a. + 0. 

. log (a? — a) + logc, or log [(« — a)c] . 

X — a 

7. f^ 

J a + 

J a + baf nbJ a + baf" nb ^^ /"^ e 

•/t0^5- log[(10a^+15)»c]. 






18 



48 



INTEGBATIOK. 



19 



2h7^dx 



r2W 



20 



bhxdx 



\og\_{ae + bs?)^c]. 



log 



/ bhxdx 
8a -66a:** ""^ (8a- 66«*)* 

21 J5i2a-^1^. 5[-^ + ^V6aloga.-ia^]+C. 



23. rcota:c^r= f£2i£^l 



r dx ^ f 

J x\o^x J \ 



sma; 
dx 

X 



log (o sin a;). 



loga;_ 



a; log a; _ 
25. j y/^pxdx, 

26.f27ry(jC^-^iydy. 
27 ( *— (2aa? — a^)da; 



1<^ (log a;) -f logc. 



28 



. r(2aj*-3ar^4-l)Ha^-faj)cto. ^(2ay*-3a^+l)l + a 



29. i sina;cosa;cZa;. 



30. r(loga;)«^. 
%/ X 

31. ra*'logada?[=ira^loga3da?]. 

32. r(loga;) 

33. Ca*'dx. 



dx 

» 

X 



n + l 



|^sin'a?+ C. 



J (log a;) *-f logc. 



ia^-^-C. 



(loga?)'*+^ + logc. 



4 log a 



<&+C. 
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34. Ce^'dx. we"-|-C. 

35. r?iE^r= ftantf sectfdtfl sec^ 4- C, 



. Ca^dx. ^e^ 4- C. 



37. Cca^dx. -^a^-H-C. 
J 2loga 

38. I cos(7yiaj)cte =— j cos (ma?) mdaj. —sin (ma?) -j- C. 

39. I aec? (mx)dx, — tan (mx) -j- C 
•/ m 

40. I sin^xcoaxdx, ^sin*a;-j-C 

41. CBm\2x)cos{2x)dx. iQm\2x)-\-C. 

42. rcos*(3aj)sin(3a;)da;. — ^cos'(3a;)+ C. 

43. rsec*(a»)iB*daj. ^tanx^-f C. 

44. r? sec*(a^) ajda?. i tan a.-^ -j- C. 

45. llogx — ^(loga?)^ + logc. 

.g r aiaxdx r___l / ^-- 6 sin a; da; "I , c 

*J a + 6cosajL"" dJa + ftcosajJ ^^ (a + 6 cos a;)*' 

47. r 5 8ec(3a;)tan(3a?)daj. |sec(3a?)-|- C 

48. I 5cos(a+&^)c2a;. -8in(a-f 6a;)-f C. 

49. I 4 cosec (oo;) cot (aa;) da;. cosec(aa;)4- C. 



50 INTEGKATION. 



50. fe^-'sinajcte. — €~«« + C. 

51. C^'^'cosxdx. i^*" + C. 

52. Al+co8x)dx. log[(:» + 8inx)c]. 
J a?H-8inaj 

58. r-^r= - f-^^T * tan-V + C. 

54.J'(l+a!)(l-ar')a;(te. .^_^ + .^_.^ + C. 

^ + «+21og(a!-l)+C. 
56. C4^- —-x + tim-'x+C. 

J {a + 6a!")" 6n(l — m) 

''^■Si§Ti' log[c(3ar*+7)A]: 

62. Auxiliary Formulas. By integrating the equations in Ex- 
amples 1 and 2 of § 57, and those in Examples 27 and 28 of 
§ 39, we obtam the following auxiliary formulas for integration : 

(C) f ^^ =8in-^g4.0. 
./Va--aj2 a 

(d) f-^^ = log (« -f Vaj' ± a*) + logc. 
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(e) f — ^__ = lsec-^-+C. 

(f) r__^__ = vers-^-4-C. 
^ y/2ax-Qi? « 



If the differentials in these formulas were negative, we would 

evidently have cos ^-, or — sin"^-, in place of sin~^-; 

a a a 

log— L— , or log ^ , m place of log ; etc. 

x — a a — a «+ a 



Examples. 

1. Deduce formulas (a), (c), (e), and (f) of § 62, from 
formulas 14, 12, 16, and 18 of § 60. 

dx 



(c) I = I — ■ = sm ^- 

J V^^T^ J r ^ a 



+ c. 



dx 



(e) I — =- I — ■ = -sec ^-4- (7. 

a II a' 

2. Deduce formulas (b) and (d) of § 62 from formula 1 of 
§60. 

Since :x^,= ^r-i ^V 

/ dx _ J_ r dx _ J_ r dx __ \_ J x—a ^ 
Q? — a^ 2aJ x—a 2aJ x-^a 2a x-{-a 

To deduce (d) , assume Va^± a^ = z — x. 
.'. ±a^ = i^ — 2xz, 
.\(z-x)dz=:zdx, or — = ^^ ^^ 



2J z — x ViB* ± a* 
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.-. r ^ = r^ = log (zc) = log [(a! + V?±¥»)c] 
Here x of formula (a) s= 5a;, and a = c. 



1 tan-'^ + C. 
be c 






dx 



V~ya* 



ri r_d(bx^ — 1. iin-55+a 

L ^^ ^(acy-ibxYJ b ac 



;. r "^^ r= 1 r -^(^) T Icovers-^? + a 
•^ y/Scx-t^x'L cJ V8(ca;)-(ca;)^J c 4 



8 



r da? r^ r. 



V!-('4TJ 



■/ 



dx 



-y/{aX'-a?) 



=/-T 



dx 



^?T?l 



V5 



. _i2a; — a . ^ 
sm ^ j-C. 



10. f-^ r= f ^_i 



f J 

J 2ar*- 



taii-^(aj -f 2) 4- C- 



11 



12 



dx 



2a; + l 



■/: 



da? 



« V6*aj* - a* 



taii-H2aj-l)+C- 



1 ..ibx , ^ 
-sec ^ h C 

a a 



18 



•/: 



dx 



■y/{2dbx-'Va?) 



Ivers-^^ + C. 
a 
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14. r /^^^ r« 1 r_M^i. ism- J^ + c. 



15 



f dx ^ r 

J V3aj-a2-2 •^ IT 



da; 



^IFFfJ 



sin-X2aj-3)+0. 



16 



f— — ^— r= r 



dx 



hi 



log 



4- ViB* + «+l 



) + log< 



17 



18 



19 



20 



ra^dx 

/ ' xdx 
a*+x 



ilog^+logc. 



aj«+l 



•/it 

■/: 



4-aJ* 



dx 



2a^ 



a* 



a + o^ 



— da 



2 tan-'2^±i + C. 



V3 



V«(c«-ai») 



21 






22 



yJax — T^ 



V3 



n~lcos~*--f-(7. 
c 



vers-^— 4-C. 
a 



/ — gd 






"S" c _i 2 a? 

cx^mr vers— — 



+ C. 



b — 2a? — c 



dx^ 



•y/cx — a^ •^ 2Vcaj — a^ 



/(c— 2£)^_c r da; 
^y/cx—a? 2«/ -yjcx—oi? 



23 



•/: 



da; 



24 



Voa^ — 6 



•^ V2aa; + a^ 



— — log(a;Va +Vaa;* — 6) +logc. 

Va 



log (a;-f a 4- V2 aa; + a;^) + logc. 
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''■f^^iSr' ftan-2 + |log(a» + a^)+C. 

•/ a' -f- ar a a 2 

29. r_M^. Jvers-^(18aj8)4.(7. 

r _5dy__ . V5 sec- Y^^l") + (7. 

32. r('«'-«')* (to. ((B«_a«)i-08ec-i- + C'. 

J X ^ a 

A fractional differential may often be separated into integ^- 
ble parts, or reduced to an integrable form, by multiplying its 
numerator and denominator by the same quantity. 

34. rV « + « cto. sec-i- + log(a;+V^^=^)+logc. 

*^ xyjx — a ^ 



31 
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63. Trigonometric Differentials. The following trigonometric 
differentials are readily reduced to known forms. The forms 
in the first seven or eight examples should be especially noted. 



1 . Find 



/ dx 
sin 9 



rdx ^ r 

J Binx J \ 



dx 



2. r-^r= f- 

J eosaj J . 



2 sin (^ a?) cos(^aj) 
logtan(^a?)-|- C 

dx 

1 



-/ 



sin I --f- a; 



Alls, log tan {\x) -f C. 

8ec?(^x)^dx 
tan(^a;) 



logtang + |) + C 



o r dx r_ r sec^xdx '] 
*»/ sinojcoso: L J tana; J 



log tan a; -f (7. 



4. Ccos^xdxl= C(^-\'^cos2x)dx']. --f isin2a;-f C. 



..Jsi 



5. I sin^ a? cfa?. 



X 






|-isin2a;+a 



log sin x-]-C. 



7. i tana;da;. 



J si 
J si 



dx 



sm^a?cos^aj 



— Ic^ cos a; -f C, or log sec k + C. 



tan X — cot x-\- C. 



dx 



sm^ajcos^a? 



/( sin X I cos aj^ dx C* 
A -L -^ — = I (sec*a;-f cosec^a;)c?ic. 
sm'^aj cos'^a? J 



9. i sin^a;da;. 



•J" 



-- cos a; 4- f cos'a;— 



cos* a; 



-f c. 



sin^a;c2a; = 



I (1 — cos^a?)^sina7(fa; 
— j (1 — cos^aj)^(f(cosaj). 
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In like manner, I sin'^xdx and I co&*xdx can be found, when 
n is an odd positive integer. 

10. |sin^a;c2a;. Jcos*a; — eosaj-f (7. 

11. j cos^xdx. sinaj — ^sin^aj-f C 

12. i cos^xdx. sina — fsin'aj + ^sin^a-f O. 

13. Tsin^a? eos^xdx. Jsin'a? — ^sin^a? -f C 

I sin^a; cos® a; da; = j sin' a; (1 — sin* a?) cos a? da?. 

In like manner, I sin** a; cos" a; da; can be found, when either 
m or 71 is an odd positive integer. 

4. I sin* a; cos* a?da?. ^ sin* a? — ^ sin* a; 4- (7. 

5. j cos* a? sin® a; da?. — |co8*aj+^cos'aj-f (7» 

n C co^xdx r_ (1 — sin* a?) d (sin a?) "] 1 1 . ^ 

J sin* a? L sin* a? J sin a; 3 sin® a? 

/sin X 
— —dx. seca; + cosa?-f C. 

cos-'a? 

rgin^^^ 48ec^aj-isec»a? + C- 

J cos^a? 

rsin^^^ 4sec«a?-isec*a; + a 

J QO^X 



8 



9 



.2 

20 



Tsin^^ itan«a? + itan®aj-f (7. 

J cos*a? 

/ ^'",^ da?= I tan* a; sec* a? da? = (tan* a? (tan* a? -f 1) sec* a?da?* 
cos** a? J J 
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sin^aj , cos^a? 



In like manner, dx or -; dx may be intesrated, when 

eo8"aj sin" a •^ ^ 



23 



m — n is even and negative. 

21. C^?^cb:. -icot^aj-f C. 
J sin* a ^ 

22. f^lBl^da?. 4tau«a; + (7. 
»/ cos^o; 

. r_^. tanaj-f Uan^aj + a 

J cos* a 

24. j tan^a;daj[= I (sec^aj— l)da?]. tana? — a? -f (7. 

25. jeot^ajc^a?. — cota; — a; 4- (7» 

26. I tan^ajcZaj. i tan^a? -f log cos a? -|- C» 

27. jcot?ajda?. — ^cot^a?— logsina?+ C» 

28. ftan^ajda?. 

I tan'a;da;ss j (sec^a? — l)tan^ajcte = ^tan*aj— | tan^a;da^ 

= ^tan*aj— I (sec^a?— l)tana?daj 

sK^tan*aj — ^tan^aj — logcosa?-f (7. 

In like manner, tan'^xc^ and cof^a^da; may be integrated^ 
when m is a whole number. 

29. jtan*a?da?. ^tan^a? — tanaj + a?4-(7* 
. I cot*a;da5. — | cot^a; + cot a? -f aj + C\ 



30 



. I tRii^xdx. ^tan*a; — ^tan*a; -f tana? — x-\-C. 
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32. icot^xdx. — J cot* a; -h^ cot* a? -flog sin a? -f (7. 

64. Definite Integrals. All the integrals j-et found contain the 
indeterminate constant term (7, and are called indefinite integrals. 

When C is eliminated, or determined for any hypothesis, the 
integral is called a definite integral. 

When, from the data of a problem, we know the valae of the 
integral for some particular value of its variable, C can be 
determined. For example, suppose that dti = 2axdx^ and that 
w = when a; = 2. 

Since du = 2 ax da;, u = aoi^ -\- C. 

Since m = when a;=2, = 4a-f-C. 

Hence, (7 = — 4 a, and u = ax^ — 4 a, a definite integral. 

If, in an}- indefinite integral, two different values of the vari- 
able be substituted, and the one result subtracted from the 
other, C is eliminated, and the integral is said to be taken be- 
tween limits. The symbol for the definite integral of <f>{x)dx 

between the limits a and & is I </»(a;)da;; a and h are called the 

limits of integration, a being the infenor and h the superior 

limit. The symbol I indicates, that the following differential 

is to be integrated ; that a and h are separately to be substituted 
for the variable in the indefinite integral ; and that the first of 
these results is to be subtracted from the second. 

In what precedes, we assume that the integral is continuous 
between the limits a and h. 

In the indefinite integral, neither limit of integration is fixed 
upon. In the^rs^ form of the definite integral, only the inferior 
limit is determined, and the integral is still a function of the 
variable. In the definite integral between limits, both limits are 
fixed, and the integral ceases to be a function of the variable. 

Examples. 

1. Given c?y = (1 -f \aai)^dx ; find the definite integral on the 
hypothesis that y = when a? = 0. 
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Here^=-|.(l-h|aaj)l-h(7; .•.0 = -|- + C. 
2/a 27a 

^ 27a ^ ^ ^ 27a 

2. Given dy = (aj^ — l^x)dx ; find the definite integral, if 
y = when a? =2. 

^4 2 

3. Given dy = ; find the definite integral, if y = 

X 2 — a? 



when a; =1. Ans, y = log (2a; — a;''). 

I najc?a?. Ana, - (^ — a*) . 

a 2 



rnajcte=V-fC; [ V-h oT=-a2+ C; 



.> 



■a!»+C|=-V+C. 



■•■jnxdx = l^* + C - ga» + Ct) = I (6« - a'). 



5. r 6«'tto. 24 

6. ( (aa^ — a^dx. 

Jo a" 



2l.. 
V2 



-{-d^ 4tt 

8 



J» da? 
Va^ — o^ 

Jo cos^^ L Jo ^ ^ J 



TT 

— « 

2 



V2-1. 



-a:* + C denotes the value of -or^ + C when x = a. 
12 J« 2 
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n + 1 
a 



0. i af*dx. 

2 r^ 2y/¥rdy 
Jo y/2r — y 

J ba* 



Sr. 



Sib a' 



TT 



Vo 1 + 

sin* a: cos^a?da:. 



12 



Applications to Geometry and Mechanics. 
65. Bectification of Corves. From § 16, Cor. 2, we have 



d8 = -y/da^ + dy^ ; 



This equation is a general formula for the rectification of any 
plane curve ; that is, for finding its length. 

Examples. 

1. Kectify the semi-cubical parabola ^ = 00?. 

Tj d^_ 3aa^ . . dj^ _ 9 ax 
dx 2y ' ' da? 4 



,'.8=^ Cfl'h^% = iC{4:-^9ax)idx 



= ii±i^* + (7. (1) 

27a ^ ^ 

So long as the point from which s is measured is undeter- 
mined, C must be indeterminate. If the length of the curve 
be estimated from the origin, 5 = when a? = 0. 
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Substituting these values of s and ain (1), we have 

27a 27a ^^ 

If, in (2),a = landaj = f, 5 = 2^; that is, the arc otf^a^ 
that lies between the origin and aJ = f , is 2^ in length. 

For the length of the arc, the abscissas of whose extremities 
are b and c, we have 

*A 27a 

2. Find the length of a branch of the cycloid 

x = r vers~^-2 — V2 ?'y — y^, 
r 



.•.2AI(F1g.l4)=2jYl + g)'* 



= 2V2r r(2r - y)-ic?y = 8r. 



Hence the length of a branch is eight times the radius of the 
generating circle. 

66. Areas of Plane Curves. From § 14, we have 
dz = ydx ; 

.•.«= lydx= if(x)dx. 

This equation is a general formula for finding the area included 
between any plane curve and the axis of x. 

In applying this formula, it must be borne in mind that, area 
above the axis of x being positive, area below it is negative. 

For the area between a curve and the axis of y, we evidently 
have 



= Jicd^. 
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1 . Find the are& betweea y* = ipx and the azia of x. 
Hei6z= Cydx^ C{2 px)i (be = ^xV2^+ 0=^X1/+ C. 

If the area be reckoned from the origin, z =s 
when a; = ; 

.-.(7=0, and 3 = |a!y. 

Hence the area oap = f oapr ; and the area of 
the segment nop is two-thirds that of the par- 
allel<^am hmpr. 

If OH = a, and oa = b, 

Flt-U. 

ai-ea bmpd = 2 | '<^2pxdx s= | VSp (M — at) . 

2. Find the area of y = x^ -f- o^ between tbe limits x= — a 
and x = ; also t>etween the limits x=0 and x = a. 

Am. -^a*; -^a*. 

3. Find the area of the hyperbola xy = \ between the limits 
X = 1 and x = a. 

Area = \oga; that is, the area is the Naperian logarithm of 
the superior limit. It is because of this property that NapeiiSD 
logariduns are sometime e called hyperbolic logarithms. 

4. Find the area inclosed by the axis of x and the curve 
y = x-3?. 

The inclosed area lies below the axis of x, between x = — 1 
aDdx = 0,and alx>ve it, between a: = anda;>=l. These two 
portions being namerically equal, the result obtiuned by inte- 
grating between x= — 'l and x = 1 is 0. To find the required 
area, obtain the area of each portion separately, and take their 
numerical sum. 

Ana. i. 



AREAS OF 8TTBPA0E8 OF RBVOLDTION. 
5. FiDd the area of the ellipse a'f + 6*3^ = a^fi". 
Area = - iCVd'-ardx. iCVa^-x'dx = wa' ; 
for it evidently equals the area of tbc circle whose radius is a 



6. Find the area iiitcrtcpted between if ~ 2px and ar = ~}';/. 

7. Required the area intercepted between y= ■ ■- - and 
" 4' Ans. log 4 — }j. 

67. Sinca z= Cydx= p'{a!)dj: (g 66). tlic integral of /(x)rfai 
can be represented graphically by the area between the curve 
7/=/(ai) and the axis of 3!. Hence, when j /(a!)(tB eannot be 
found, if(x)d3! can be determined approximately by com- 
puting geometrically the area of the figure formed by iLe axis 
of K, y —f{x), a; = a, and x=^lt. 



68. Areas of Surfaces of Eevolutioa. 

J-et 3 represent the length of the curve opn, 
and S the surface generated by its revolution 
about ox as an axis. 

To obtain a general formula for Llie value of 
S, let As = arc pi'' ; then A5 = the surface 
traced by As. 



.Since 



imit r A.< "l_ 
■» = oLchordPi-'J 
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. limit r 



sarfacc traced by Aa "] ^^ umit 
surface traced by pi 



y»' 



AslO 



AS 
A8 



surface vv' 



A3 



= 1; 



. limit r^^1_ 1>"™J* fo - ^.. I ^y\ <^^or<^ P^n 



da ^ 



.-. ^ = 2 7rJV(/.s = 2 ttJ^/i + "^^dx. 



When the axis of revolution is the axis of y, we have, simi- 
larly, 



S=^2'!rCxds=^2'irCxfl'^j^ dy. 



Examples. 



1. Find the surface of the sphere. 
Here the generating curve is oi^ -f ^ = r*. 



7?\l 



dx 



2. Find the surface of the paraboloid ; that is, of the surface 
traced by the revolution of a parabola about its axis. 

S=^2wJj{ds? + df)h^2wJjfl-{-^% 



VOLTTMEB OF SOLIDH OP REVOLUTION. 



65 



69, Volumes of Solids of Kevolntion. 

Let V represent the volume generated by tlio revolution of 
opu about ox as an axis. To deduce a general formula foi- the 
value of V, let Aa; — ab ; then Ay = dp', and 
AV = the volume generated by the revolu- 
tion of ABP'P. 

Now, volume abdp < A V< volume abp'm ; 
or jTi/" Ax < A V< Tr(y + AyyAx; 



' dx ~ 



if, or F=^7r I y^dx. 




m 



Or, to obtain (1 ) , conceive the solid as generated by a varia- 
ble circle, whose centre moves along the axis of the solid, and 
whose radius is equal to the ordinate of the generating curve. 
With this conception, it is evident that, if (fa = AD, (iF=the 
cylinder whose altitude is ab, and the radius of whose base is Ar. 



■.dV= 



When the 



^fdx, or V^^ffdx. 

Lxis of revolution is the axis of y, v 



,fri,. 



1. Find the volnmo of the prolate spheroid; that is, of the 
solid generated by the ellipse revolving about its major axis. 

Here V= tt Cfdx = ^C~ {«' - 3?)dx = i(2(iwb^) . 

Hence the volume of the prolate spheroid is two-thirds the 
volume of its circumscribed cylinder of revolution. 

If a = b,V=^^a\ 

which gives the volume of the sjihere whose radius is a. 
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2. Find the volume generated by the revolution of i^ = cx 
about the axis of x^ volume being measured from the origin. 

Ans. V= i^ry^x = f the circumscribed cylinder. 

3. Find the volume of the oblate spheroid ; that is, of the 
solid generated by the revolution of the ellipse about its minor 
axis. 

Ajis. V= ^ira^b = f the circumscribed cylinder of revolution. 

4. Find the volume of the paraboloid ; that is, of the solid 
generated by the revolution of the parabola about its axis. 

Ans. F= iTTOcy^^ or ^ the circumscribed cylinder. 

5. Find the inclosed volume of the solid generated by the 
revolution of ^ — 6^ = ax^ about the axis of y. 

aV-6 ^ ^ 315 a^ 

70. From v = — and a = ^ (§ 33), we have the following 

dt dt 

Fundamental Formulas of Hechanics. 

*ds 



I. 1; = ^; .-.5=: fvc^, and<= f— 
dt J J V 

II. a = ^ ; ••• V = fadi, and t = f— • 



Examples. 

1. The acceleration of a moving body is constant; find the 
velocity and the distance. 

1;= iadt = at-{-G=^at-\-VQ^ (1) 

in which Vq represents the initial velocity ; that is, the value of 
V when t = Q. 

S = Cvdt = C{at -f V^)dt = ^at^-^-vJt + So, (2) 

in which s^ represents the initial distance ; that is, the value of 
8 when i = 0. 
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If the motion begins when ( = 0, Va=0 and ao = j lieuce (I J 
and (2) become 



at a\k\ s = ^a(^; 
-I — nnd v = V2as. 



Theso four formulas are the fundamental formulae for vni- 
ftyrvdy accelerated motion. 

The acceleration cniiaed bj- gravity is 32.17+ ft. a second, 
and is denoted by g. If we substitnte g lor a in the four for- 
mulas given above, we obtain the formulas for tlie free fall of 
bodies in vacuo near the enrtli's surface. 

2. By a principle of Mechanics, if ab be a vertical line, the 
acceleration of a body sliding without friction a 
along the inclined plane ac is f/co3^, in which 
^ = tingle BAC. Let s', v', and (' represent rospee- 
tii'cly the <listauce ac, the velocity acquired along 
AC, and the time of descent; then, from the for- 
mnlns, 




Let s represent the vertical distance ab ; then 



ud (' = 



Hence the velocity acquired by a body sliding without fric- 
tion down AC equals that ac(]uired by a body falling \'erti- 

eally down ab ; and the time of descent along ac is the 

time of descent alonir ab. ^ 
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AC ( = «) be the vertical diameter of an.v vertical circle 
auc ; then the time of deaccnt from a aloDg 
aiy chord ab (= s') is 



-sSri 



(Ex. 2), which equals 



# 



"«■ "■ ITence the time of descent from a along auy 

chord of the circle is the a&me aa that along the vertical diameter. 

4. The acceleration varies directly aa the time from a state 
of rest of the body ; that U, ^ = a = cl ; find u and s at the 
ciidoftiroef. Ans. v = \c^i s = |cf. 

5. When the velocity is a given function of the time, the 
time, velocity, distance, and acceleration can be represented 

geometrically, as followa : 

Constnict the locus of v =/((), { being 
rejiresented by abscissas, and v liy onlinates, 
the unit of ( being rcpreseute<l by the same 
unit of length as the uuit of u. Then, by § 66, 
the area between the cun'e and the axis of ab- 
FiK. 'JO. scisaas equals I vdt ; but, by § 70, s = j v(U. 

Hence, if abscissas represent time, ajid ordhiates velocities, 
the area between the curve v=f{t) and the axis of abaciasaB 
represents the liistanee traversed hy the moving body. 

Again, if ph is a tangent at p, and ab repreaents the unit of 
time, rin represents the acceleration at the end of the aecond 
unit of time ; for it representa what would be the increase of 
the velocit}', or ordinate, iu a unit of time, if this increase be- 
came uniform at the end of the second unit of time. 

6. A body stalls from o (Fig, 21) ; its velocity in the direc- 
tion of OY is constant, and in the direction of ox is gt ; what is 
its path ? 
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Let ox ami or ]»e the axes of x and y, respectively ; 
then -i^ = c. and — =q(. t 

Hence, w = c(. and x—^i'i 

..sr = ^.. 

Since (1) is the equation of a paraboln 
referred to a diameter and n tangent at its 
vertex, the path of the body is au arc of a ^'- *'■ 

parabola. Hence, if it were not for the resistance of tlio ntmos- 
phere, the path of a projectile, as a ball from a rifle, would be 
an ai'C of a parabola ; for its velocity would be gt along the 
action-line of gravity, and constant along the line of projection. 

7. The velocity of a body in the direction of ox is 12(, and 
in the direction of or is 4 (- — 9 ; find the ve- 
locity along ita path onm, the accelerations m 
and distances in the direction of each axis 
and alonjr the line of its patli, and the equa- 
tion of its path. 

Let v., I',, V, and d„ a,, o, represent respec- 
tively the velocities aiid acceleratinns in 
the directions of t!ie axes of x and y and 
along the path, wfioae lengtli we will repre- 
sent by s. 




Then 






.= 12(, and ^' = 



= 4(»-9. 



^ 'dx' 'If 

-^dF-^df- 



The accelerations a 




= V144(^+(4(^-!i)" 

= Vlfi !' -I- 7Si('-f- 81 = 4(^-1-9. 

■il dl 
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The distances are 

x=Cl2tdt=Gt\ (1) 

y=j^(4t'^9)dt = ^i^-9t, -(2) 

and 8 = C(4e -f 9)cU = .J^ -\-dt. 

Eliminating t between (1) and (2), we obtain for the equa- 
tion of the path, 



y=(^a'-9)^- 



The form of the path is shown in Fig. 22. (See Weisbaeh's 
Mechanics of Engineering, page 148.) 
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71. Successive DerivativeB. Since f'(x), the derivative of 
f{x) , is in general a Ainetion of x, it can be differentiated. The 
derivative off'{x) is called the second derivative of the original 

function /(«), and is denoted hy f"{x). The derivative of 
f"(x) is callw.! the third derivative otf(x), and is represented 
by /'"(«) ; and so on. f"{x) repreaeuta the nth derivalive of 
/(a:), or the derivative otf-'{x). 
Thua, if 



/(»') = 



n^) 



d 



i^) = 



/"(!C) = 24; r{^)=0. 



euecesaive derivativci 



/'(«)' /"('«)>/'"{«)- etc., arc tiie 
of/(x). 

72. Signification of f''(x). Since f"(x) ia obtained from 
/"-'(a:) in the aame way that/'(ic) ia froni/(ie), (Ae nth deriva- 
tive of a function e3y)resses the ratio of the rate of change of its 
{n — l)th derivative to that of its variable; and the (n— l)(/i 
derivatvee is an increasing or a decreasing function, according as 
the nth derivative is positive or negative. 

Cor. If a ia finite, and/(a)«= *, /'(a)=c<:, /"(a) =□=, etc. 

For, when/(tt) = ao, f{a-\-h) is not go, however small A be 
taken. Heuce, while x chanu;es a very small amount from a, 

'/(a) reproaenls tlie value (it f(jt) lor x — a. The equution _/i;a)= cb 
mcnns that/(x) incrcuBca witliout liaiit, ns s approaches a an its lijiiic. 



id 
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f(x) changes an infinite amount. Therefore, when 05 = a, f(x) 
must change infinitely faster than x does; hence f(a) = oo. 
For like reason, if /'(a) = oo, f'(n) = oo, etc. 

Examples. 

1 . Find the successive derivatives of x^ -{- 2qi^ -\- x -^ 7 . 
Let /(a;) = ar^-|-2a^-h»-f 7; 

then f{x)^ — (x''\-2a^-\-x-\-7) = 3a^-{'4x-\-l; 

dx 

/"(«) = A (3-eS + 4x + 1) = Ca; 4- 4 ; 
ux 

/'"(aj)=£(Caj + 4) = C; 

and f^(x) = 0. 

2. Find the successive derivatives of cx'^ -f aa^ -f a. 

C 

3. If f(x) = ic' log aj, prove that /^ (a?) = — 

4. If /(a) = e", prove that /"(») = a" e". 

/**(a;) is written out in accordance with the law discovered 
by inspecting /"(») and /'"(»). 

5. If f{x) = sin mx, prove that J^^(x) = m* sin mx. 

-14* 

6. If /(») = CB* log ir, prove that/^' (a:) = — ^. 

ar 

7. If/(a;)=af, prove that/"(a:) = af(l-f logaj)*-|-af-^ 

8. If f{x) = tan a, prove that /'" {x) = C sec* a; — 4 sec* a. 

9. If f(x) = log(e' -f e-') , prove that f"\x) = - 8 ^ - ^"' 
10. If/(a;)= -^, prove that/'^(a;)= ^^ 



-«\8 



(e' -f e-') 



1-aj '^ ^ V / (i_a.)i 



* [n, read " factorial n" stands for 1 X 2 X 3 X 4 X — X «• 
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11. lf/(a:) = a', prove that /"(x) = (log(t)"fr', 

12. K/(K) = log(l+x), prove that f"(x) 




f"(x)=- -^; .■./'(x)^- 



13. If/(3!) = (1 + 3T)", prove that 
_r'(^)=m(m-l)-(m- 



«+l)(l+a;)- 



73. SncceHsive DifferentialB. The differential of the flret dif- 
ferential of 11 runction ia called the Kecond differential of the 
ftmction. The differential of the second ilifTerential is called 
the third differential. In like manner, we have the foiirtli, Jiftk, 
and nth differentials, d(di/) is written (Pj, and read "second 
differential of y" ; d{fPy) is written iP^, and read "third dif- 
ferential of y" ; and so on. 

dy, dry, dPy, etc., are the successive differentials of y. 

In differentiating y =f(_x) successively, dx is usually regarded 
ns coDstant ; that is, as having the same value for all values of 
X. This greatly simplifies the second and higher differentials, 
and also the relations between the auecesaive differentials and 
derivatives, and is allowable ; for, when independent, x may be 
regarded as changing uniformly. 

74. B«latioiis between the Sacceesive Differentials and 
Derivatives, 



V=f(<^), 



^/'(^) 



If dx is variable, -~ is 
and denominator, and wc 



dx\dx, 
a, fraction with 



■-/"(x) ; etc. 



11' L able nnnieratoT 
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Bat, if clx is constant, -^ is the product of the constant — 

dx ax 

and the variable dy^ and we have 
For the same h3'pothesis we have 



^•»=i(S)-s^^«- 



S^^w-g 



Hence (f"y =/**(») (Zaf; whence /**(«) is often called the nth 
differential coefficient off(x) . 

For the h3'potbesis that dx is constant, d?x= 0, and equation 
(1) becomes (2), as it evidently should. 

Examples. 

1 . Find the successive differentials of x*. 
Let y = aj* ; then dy = 4 aPdx. 

Differentiating this last equation, regarding dx as constant, 

we have 

d^y = (4dx)d(a?) = 12a?dsi?; 

.-. cPy = {I2da?)d{x^) = 24xdx^ ; 

.\d*y = 24dx'; :.d^y = (i. 

2. Find the successive differentials of5ar*-f2a5^ — 3a5. 

If 2^=5ar'-f 2aj2-3a:, cPy = SOdoi?. 

3. If y = sin «, prove that d^y = sin x dx*. 

/» 

4. If y = log (aa:), prove that d^y = -da?*. 

a; 

5. If y = 2 a Vaj, prove that — ^ = — -• 

c/ar 4aj« 

/? Tif 1 • 4.1 i. <^y 2cosfl5 

6. If V = log sin a;, prove that — ^ = r — • 

dar sin'* a? 
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7. lfyz=a? loga, prove that --^ = — 

8. If V = cos ma?, prove that --^ = m* cos mas. 

oar 

9. If2^ = 2j)a?,provethat|^=?£:'=i4.- 

da? y ' ' d»^ p 3/* ' 

"da^ 7 / (2a?)«' 

10. If aV 4- &'«" = a^ft", prove that ^ = ^. 

(far* ax 

11. If a;* 4- 2^ = r*, prove that ^ = - 4- 

dar ^ 

12. If 3^ = sec 2aj, prove that y 4- ^=32/*. 

doj 

13. If v = e*sina?, prove that ^ - 2^4- 2y = 0. 

^ ' *^ dar» da? ^ 

14. Given 5 = 4^^*; find v the velocity, and a the acceleration. 

c,. d8 dv d /ds\ d^s 

Since v = -— , a = -r =-r(-r 1 = T?' 

Hence v = i^ = 12«2, and a = ^ = 24«. 
dt df 

15. If 5 = c^ -h 6i, what is the velocity and acceleration? 

Ans, v=2ci-|-6; a = — - = 2 c. 

16. If V* = 2jpa?, prove that — - = — 

df p 

Here a? is regarded as the function, and dy is constant. 



CHAPTER V. 

SUCCES8IYE INTEGRATION, AND APPLICATIONS. 

75. The general formulas for integration enable us to obtain 
the original function from which a second, third, fourth, or nth 
differential has been derived. 

For example, let d^y = 56 da^ ; then 

d(g)=5i.dx. . (1) 



Integrating (1), we have 



= 5 6a; -h Ci ; .-. d(^ = bbxdx + C^dx : 

\dxj 



/. y = |6ar» -h i Ciar^ 4- Cia; -h Ca. 



Examples. 

1. Given cPy = 0, to find y. 

Here ^-0- •d/'^^-0• • ^^ - r • 
r.d(^)=C,dx; .'.^=C,x+C2; 

J \ClXy CLX 

2. Given d^ = sin a; cZo;^, to find y. 

d(^]^eimxdx\ .•.-4 = — cosa? + Ci; etc. 
\d3rj dar 

Am. y^Brnx + ^CiQ^ + ^C^Q^ + G^x+G,. 
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3. Given -4 = 3ar* — a:^, to find y. 

4. Given — ^ = sin a?, to find y. 

dor 

y==cosx + ^Ci0c^ + C2X+ C3. 

5. Given cPy = 2x^doc^, to find y. 

y = log« 4- i Cior^ 4- OaSJ + O3. 

76. Problems in Mechanics. 

1. If the acceleration of a body moving toward a centre of 
force varies directly as its distance from that centre, determine 
the velocity and time. 

Let fjL = the acceleration at a unit's distance from the centre 
of force ; 

X = the varying^ and c the initial, distance of the body from 
that centre ; 

then XfJL = the acceleration at the distance x. 

Here s=c-x; .•.« = | = -|; (1) 

and a,^ = a = g = -^,. (2) 

Multiplying (2) by —do;, we obtain 



dt 
Since v = when x = c, G=iu(?; 



.•.v = -^ = V/t(c^-a!*); (8), 

dt 

/. ^ = ;A"icOS~^-. (4) 

c 



SnCCBSSIVE INTBOKATION. 

C—0, since ( = whca x = c. 

If in (3) and (4) we make a: = 0, we have 

V = cV/i, the velocity at the centre of force; 
and t = iwn'i, Jff/i"', eta. 

Hence the time required for the body to reach the centi-e of 
force is independent of its initial distance from that centre. 

Below the surface of tlie earth, the acceleration due to gravity 
varies as the distance from its centre. Hence, (Vom (3) we learu 
that if a body could pass freely Ihrongli the earth, it would fail 
with an increasing velocity from the surface to the centre, from 
which it would move on with a decreasing velocity, until it 
reached the surface on the opposite side. It would then return 
to its first position, and thus move to and fro. 

The acceleration due to gravity at the surface of the earth 
being ;;, and the radius being r, we have in this ease, 

.: V = r V/* = 'Vgr, the velocity at the centre ; 



,Ji-.. 3.1416 J"'"" 
No \ 32.17 



L 



= 42 min. 13.4 sec, 

which is the time that would be required for a body to fall 
through the earth. 

2. Assuming that the acceleration of a falling iKxly above the 
surface of the earth varies invei'sely as the square of its distance 
from the earth's centre, find the velocity and time. 

Let ir = the varying, and c the initial, distance of the body 
from the earth's centre ; 

the radius of the earth ; 

the acceleration due to gravity at its surface ; 

the acceleration due to gravitj' at the distance x. 
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Then s == r — j! ; and, from the law of fall, we have 
.-.g-.-.r':^; 



df 



Multipljing (1) by da;, and mtcgrating, 



e have 



(1) 



(2) 



If c = CO ; that is, if the body fall from iiii iuflnite distance 
to the earth, we have from (2) , when x = r, 

Since ff = 32i ft., and j- = 3D62 mOes, wc have 



U2«0 J 



6.9o+ milca. 



,'elocity with which a falling body can 
reach the earth is less than seveii miles per second. 

From (2) , we have 



d, '-'■'■ '\ rf y \' J " 




fcV-^dx f_c\ic-2:,-c 




■■■ -(^)'[<-"^"-i™- tI^"' 




Since 1=0 when I -e, C=tc»^^Y; 




- -(4.)'[<"->'-r™-¥-H- 


(3) 



3. Assmning that r, the radius of the earth, is 3962 miles; 
that the sun is 24,000?' distant from the earth; and that the 
moon is GO r distant ; And the time that it would take a body to 
fall from the moon to tiie earth, and the velocity, at the earth's 



I 
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surface, of a body falling from the sun. The attraction of the 
moon and sun, and the resistance of any medium, are not to be 
considered. 

4. A body falls in the air by the force of gravity ; the resis- 
tance of the air varying as the square of the velocit}-, determine 
the velocity on the hypothesis that the force of gravity is 
constant. 

Let fjL = the resistance when the velocity is unity ; 
and t = the time of falling through the distance s. 

(dsY 
— J = the resistance of the air for any velocity ; 

and g = the acceleration downward due to gravity alone. 

Hence g — fJ^l — ) = the actual acceleration downward ; 



that is, 



cPs 






\dtj q /ds\' ,, \dtJ 

^ , = - — I — 1 , or uot = i — i—-. 

/idt fi \dtj '^ g^f^\ 



(2) 



Observing that the second member of (2) is of the form 

dx 

, and integrating, we have 



gk -{- fik — 

C= ; since f = when — [= vl = 0. 
From (3) , by principles of logarithms, we obtain 

flri — ui — 

^ ^ dt 
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■•■'^_fgY ^'^~^ -f. 



Hence, as t increases, v rapidly approaches the constant value 
i 



(^1 



5. A body is projected with a velocity Vq into a medium which 
resists as the square of the velocity ; determine the velocity and 
distance after t seconds. 

Let /Lt = the resistance of the medium when the velocity 

is unity ; 

and 8 = the distance passed over in t seconds. 

Then /*[ — J = the resistance for any velocity'. 



Hence ^ = -/^(^j, 



or ; ^ z=^ads: 

ds 

dt 




ds 

.-. log-— = — /xs -h (7 = — /Lta 4- logVo- 
dt 

ds 
C= log Vo5 since — = Vq when « = 0. 

dt 
Hence - /^a = log -^ — log Vo = log f-^ -5- Vo\ ; 

ds ^ ds Vq ,-v 

.-.---■*- Vo = e-***, or -— = — ^. (1) 

dt dt e'** ^ ^ 

Hence, the velocity decreases rapidly, but becomes zero only 
when 5 = 00. 

Integrating (1), and solving the resulting equation for s, we 
obtain 

S = -log(fJLVot +1) . 



8UOOB88ITB IKTBGBATION. 



6. A liody b11(Ic«( without friction down a given curve; i 
quired Uie velocity it acquires under the influence of gravitj-, 

^ Let mn he the given curve, pa a 1 

tangent at any |X)iut p, and pa = 
then — PD = di/, and tlie acceleration 
caused by gravity at p equals g coa ift, 
in which if, = ufA (g 70, Ex. 2). 




ads 



= gcm4.= -g-f-; 



<l)-^ 



If ^0 tie the ordinate of the Etoi'ting- point on the curv 
when y = yo. and 0=2 gyu- 



.■.i)=va?(yo-i/). 

When y = Q, ii = VSjy^, which is the velocity that the body 
would acquire in falling the vertical distance y,, (§ 70, Ex. 1). 
Hence, whatever be the curve down which, fVom any point p, a 
body slides without friction, it has the same velocity when it 
reaches the line ox. 



The base of a cycloid is horizontal, and its vertex is 
iward ; find the time of descent of a heavy body from any 
point on the curve to its 
vertex. 

Let the vertex o be the 

origin of coordinates, y^ 

the ordinate of the slart- 

c ing-point p, and s the 

length of the curve reck- 

1 the previous problem, we 



oned from that point. The 



k 



= V23(ff„-t,)=^^; .-.(« = 



ds 



-^'^aiy>.-y) 



(I) 
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Since d$ is positive, and dy negative, 



ds^^C^^+iydy. 



W 



The equation of the cj'cloid referred to the axes ox and or is 

x = r vers~^- -f V2 ry — v*. 
r 

"^y \ y / 

•••*-(l+')'*=-(7)'*- <'> 

From equations (1) and (2), we have 

^ ^ _ /2 r\i dy _ _ /^r^ dy 



\y)^/2g{yo-y) W 



^yoy-f 



Since i = when y = yo, 

/. < = tr[ — J , when y = 0. 

Hence, the time required to reach the lowest point o will be 
the same, from whatever point on om the body stai*ts. Hence, 
if a pendulum swings in the arc of a cycloid, the time required 

for one oscillation is 2 w^ — The time of an oscillation being 

independent of the length of the arc, the cycloidal pendulum is 
isochronal. 
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N 



Cor. To find the time of descent along any other carve, we 
would obtain from its equation the value of ds^ substitute this 
in equation (1), and integrate between the proper limits. 

8. To find the length and equation of the Catenary, 

Let NOM represent the form assumed by a chain, or perfectly 
flexible cord, of uniform section and density, when suspended 

from any two fixed points m and n ; 

then is nom a catenary. Let o, the 

lowest point, be taken as the origin. 

Let 8 denote the length of any arc ob ; 

J then, if p be the weight of a unit of 

length of the cord or chain, the load 

suspended, or the vertical tension, at 

B is sp. Let the horizontal tension be 

op, the weight of a units of length of 

the chain. Let bd be a tangent at b ; then, if bd represent the 

tension of the chain at b, be and ed will represent respectively 

its horizontal and its vertical tension at b. 




Hence, ^^5E^^^£. 
dx BE ap a 



0) 



...!.r=^"]= 

' ' a |_ dxj 



■\/d^ — dx^ 



dx 



dx 
ds 



a 



y/a^-h^ 



r ds 

,\X=a\ r-=r 



= alog(s-fVa^ + s')-f C. 



Since x = when s = 0, (7= — a log a. 



(2) 



Solving (2) for 5, we have, for the length of the curve meas- 
ured from o. 



s = -(e'-e 0. 



(3) 



PROBLEMS IN MECHANICS. 86 

To find its equation, we have, from (1) and (3), 

Since y = when a; = 0, C^^-a, 

is the equation of the catenary referred to ox and oy. 

If o'o = a, and the cuitc be referred to the axes o'x' and 
o't, its equation will evidently be 
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INDETERMINATE FORMS. 

77. When, for an^- particular value of its variable, a fnnction 
assumes any one of the indeterminate forms, 

-. — , 0.00, 00-00, 0% oo^ l=t», 

00 

the function, in the usual sense, has no value for this value of 
its variable. What we call the value of the function for this 
value of its variable is the limit which the fhnction approaches, 
as the variable approaches this particular value as its limit. 

Often, when a function assumes an indeterminate form, its 
value may be found by algebraic methods. 

Examples. 

1. Evaluate ^^1 ; that is, find ^^"?\* f^^l 

ar — IJi ^=A \jr— Ij 

In general, 

. limit r^jul"! ^ limit fa^ + a^-fl l __ 3 

2. Evaluate i^JZLf^l . 

In general, 

(a? — g)^ _ (g;— a)A _ (x^a)-^ ^ 

. limit rj[2.iia)i"] ^ limit r(x—a)hl __ ^ 



EVALUATION BY DIFFEBENTIATION. 



» 



8. Evaluate ("'-''''+<'-''> 1 



V2(t 



Evaluation by Differentiation. 



78. To evahiare ^^n)r-^^^^\,wkimit 
♦ (a)' +(5),'' 



Ihefcrm ^ 
^>^ pfe+M=ZM"|=/.(«), Ei. 1,1,. 39 

limit r^(lC + ^g) - ■^(^) 'l _ .,/fy^ . 






,1, rzt+ 



A»)-/(») 1 



'")-*Wj 



"♦'(«) 



limU r .ffn + A 
If /'(n) = 0, aud ♦'(«) 'a not 0, 



Substituting a for x ia (1), and 
0(a) are eacb 0, we liave 

h4:.)J *'(")' 

.«-) - 
' *(•■) 

n /(a) is not 0, and ♦'(a) = 0, =^ = 
<p(«) 

K/'(a)=0, and ♦'(a) = 0' '^r^ 'ilso 
♦ ((I) 

minate form - 

ing, we Lave 



(1) 
ibering that /(«) aod 






Applying to it the preceding proceaa of n 






If tJiis also 
tives, ami so oo. 
do not equal 0. 



the form -, we pass Uy the next deriva- 
we olttaiu a fi-actiou both ot wliose terras 
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Examples. 



Evaluate 



1. 



log 



X 



jog_ 

X 



11 



2. 



1 —cos 



-ij, 0' "x^lj, T 



= 1. 



§78. 



1 — cos X 



7? 



Jo 



1 — COS X 



a? 



]___ sin a;" ] _ cosg "] _ 1^ 
o"" 2a; Jo" 2 Jo" 2* 



3. 



4. 



5. 



6. 



7. 



X — 
X 



— 1 
- - ij, 

8ina5 Jo 



e* — e * — 



Ans. 



X 



e ' — 2a; "1 
— sino; J, 

•*' Jo 

- sin'^af l ^ 
sin^o; Jo 
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2. 



2. 



X 



log?. 



1 

6 



79. To evaluate -X^ , when it assumes the form — . 



</>(a) 



00 



imit r/(a?)" [ _ limit 



limit 

X 



~ 1 
1 

L/(*)J 


limit 

x = a 


~d 
dx 


1 "1" 
\j>{x) 


d 
dx 


- 1 - 

L/(^)JJ 



; §78. 



. limit r/(«)l limit fL/MT <^'(») 1 



(1) 



) 
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Since, when the limits of two variables are equal, the limits 
of their equimultiples are equal; we have from (1), by multi- 



plying by ^m, 



Umit r/(5)l= Ufflit r f'(<») ~\ or ^i^ - /'W 

Cor. From § 72, Cor., it follows that, if a function assumes 

the form — for a finite value of the variable, all the functions 

obtained by the formula given above will also assume the form 
— . Hence, to evaluate the function, it is necessar3' to trans- 

00 

form the original function, or some one of the derived functions, 
so that it will not assume the form — for this finite value of the 



00 



variable. 



Examples. 



Evaluate 
log a? 



1. 



cosec 



«Jo 



1 

log X "] — 00 ^ , log 05 ~| X 



cajjo 00 ' " cosec ojjo — 



oosecajjo oo cosec ojJo —cosec a; cot « 

— sin^a;"] __ — 2 sin x cos ^"1 
"" X cos x Jo~" cos x — x sin xj^ 1 ~~ 



2. 



loga; 

~5^ 



Ans, 0. 4, — ^ • Ans, 0. 

_Jao _JaD 

3. ^. 00. 5. -^^^. 3. 

logajjo tSLuSxji^ 



80. The forms 0-od and od — od. Functions of x that assume 
the form • oo or oo — oo for a particular value of a;, may be so 
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00 

transformed that they will assume the form - or -- for the same 

00 

value of X. Hence they can be evaluated by the previous 
methods. 



Examples. 



Evaluate 
1. 2* sin 



m — 
2» 



sm 



a 



Since 2* sin — 



2 



-« 



sm 



a 



and 



2-^ 



= aco8^ =a; /. 2*sin-|L =a. 

J OB _J 00 J 00 

wx'] 



2. (1 — x) tan 



Since ( 1 — «) tan — = ~ 

^ ' 2 _ TTiB 



cot 



and 



l-a?" 

. trX 

cot — 
2 



-cosec* 



2 



= -; /. (1 — a?) tan 



TT 



— 1=^ 

2ji ^' 



3. [secaj — tana;]j,. 



Since sec a; -tan a = 



sin a; 1 — sin x 



cos» cos a; 



COSiC 



and 



COS a; J4, smasJi, 



La?-! aj-lji 

5. f^-^l. 
\}agx l(^a?Ji 



2 



-1 
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81. The Forms 0", w", and 1±". When, for any value of x, a 
fimclioD of a; assumes one of the forms, 0", co", or 1-", its loga- 
rithm assumes the form, ±0-oc, nnd the fimction is evaluated 
by evaluating its It^arithm for this particulai- value of x. 



1. Evaluate 3f]„. 
Since logiB'=xloga: = 



log; 
.■.loga^]„ = 0, or «']„=! 

Since log3:'''"= sina; log 



^1r- 



't^^ 



1 



log" 



'i]r- 



,■. log »;■'""]„ =0, or a:*°"]o=l. 
3. sina^'"']o. Ans. 1. i. 



mB"""]),. Ans. 1. 



82. Componnd Indeterminate Porms, When the given fiinc- 
tiou can be resolved into factoi-s, some or each of which assumes 
the in dote ruinate foi-m, each factor may be evaluated separately. 

Thus, if the functiou be - ^ - ~ - ^ '^ - "' 



'^} 



z have 



n nine- h 

issumes fl 

arately. H 
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l)tan«a; n / tana;Y(e«-l)n 



X 



a- 



tan a? I ^ , e* — 
since 1=1. and 



X 



'h- 



Examples. 



1. tanar-x l g 

05 — sinajjo 

a a; — sin a; "] _ 1 
aj« Jo"" 6* 



3. 



e* — e' 



log(l -faj 



aj)jo 



2. 



(e'-ir Jo~3' 



e 1 — sin a; -f cos aT l _ - 
sin aj -f cos a? — 1 Jjir 



11. aj-e* Jo= 00. 



6. 



a^-|-2co8aj — 2 



a;' 



J. 12 



a;' — 3a; + 2 
a;* — Ga^ + Sa! 



Q a'*"' - a"l , 

8. = a log a. 

log sin a; J |, 



00. 



9. aji- 



^]r.^' 



10. (cos mx 



0»Jo = 



12. [ajtana; — ^TTsecajjjir = — 1. 



1 Q cosa;^ — cosa^ "1 __ e^^sin 



a^ 



a 



''■ (i+i 



00 



83. Evaluation of Derivatives of Implicit Functions. If an 

equation containing x and y is solved for y, y is an explicit func- 
tion of a; ; if it is not so solved, y is an implicit function of x. 



EXAMPLES. 
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When y is an implicit function of a;, its derivative, though 
containing both x and y, is a function of x. Hence, when the 
derivative assumes an indeterminate form for particular values 
of X and y^ it can be evaluated by the previous methods. 



Examples. 



1 . Find the slope of aV - a^aj2 - a* = at (0, 0) . 

Here -^ = i = -, when a; = v = 0. 

dx 2a^y ^ 



Hence 1^1 ^2^£±i£1 ^2^+12 



2a^ + \2ar 
dy 
dx 



"dy 
0,0 ttajj 0, 



2. Find the slope of y^ = ao^ — ar* at (0, 0) . 



Here 



"I ^ 2aa;-3ar ] _ 2a-6 
Uo.o 3^=^ Jo.o 6-,^ 



X 



dx Inn OJT JO.O (5y 



cio; 



J0|0 



* \^/Jo.o 6y 



n ^2o 
Jo.o 



00, or 



:^"1 = 
^^Jo,o 



= ± 00. 



3. Find the slope of a^ - Soicy -f 2/^ = at (0, 0). 

Ans. — =0 and oo. 

^•^'Jo.o 



4. Find the slope of aj* — a^xy + h^y^ = at (0, 0) . 



Ans. 



^1 = 

^•*'Jo,o 



a' 



= and — 



5. Find the slope of (f ^-^Y -^ax^f ^^.ax'-^a^^^^^ at 

(0,0) »a (.,»,. ^„.^«1.^.,*n ^1. 

(ZajJo.o fi«Ja,o 2 



CHArTER VII. 
BETELOPMEST OF i'CHCTIONS IM SERIES. 

84. A Series is a GUCCCSsioD of tcnns followiug one another 
according to some determiDatc law. The sum of a finite scries 
in the sum of all its terms. An injmite series is one the number 
of wJiose terms is unlimited. 

If the sum of the first n terms of an infinite series approaches 
a dellnile limit as n increases indefinitely, the series is Con- 
vergent; if not, it is Divergent. 

The limit of the sum of the first n terms of an infinite con- 
vergent series, as n increases, is called the Stun of the aeries. 
An infinite divergent series has no definite aum- 

85. To Develop a fnnctinn is to find a series, the sum of 
which shall be equal to the function. Hence the development 
of a function is either a. finite or an injinite convergent series. 

For example, by division, we obtain 

1 —X 

This finite series is evidently the development of — ^ — for 
any value of x. 
Again, by division, we obtain 

1—x 1 —X I 

Hence is tlie difference between — — and the sum of 

l—x 1 —X 

the first H terms of the series. For 3:<-\-l and > — I, this 
diflference evidently = as m increases, and the series is the 
development of the function. But for a;>-|-I or < — 1, this 
difference increases numerically as n increases, and the series is 
not the development of the function. Thus, the scries eqnals 
the function for x=^, but not for a; = + 2 or —2. 



TATLOB B FOBHTTIA. 



86. Taylor's Formula is a formiila for developing a fnactiou 
of the aiiin of two varial)Iea in n aeries of terms arranged accord- 
ing to the ascending powers of one of the variables, witli coeffi- 
cients that are functions of the other. 

A general syinlxil for any function of the snm of x and y is 
f{x + ji), of wliich (x + y)*, log(3i+ff), of*', 8in(3! + y), etc.. ' 
are particular forms. . 

87. To jyTodunx Taylor's Formula. 
We are to find the values of A, B, C, etc., when 

f{x + y)=^A + By-\-Cy' + Dt + Ey' + .:, 

in which A, B, C, D, etc., are functions of x, but inde]7endent 
of J/, the series being finite or convei^ent. 

Let a^ be any value of «, and A', B\ C", etc., the correspond- 
ing values of A, B, G, etc. ; then we have 

fix'+y)=^A'+B'y + C'f + D'f + EY + - 
.■.f'{x'+y) = B-+2C'3 + SDy+4E'f + ..; 
f\x'+y)=2G'+2-SD-y + 3-iEy+:., 
f"'{x'+y) = 2-SD'-h2-3-4:E'y+.:, 
f"ix'+y)=2-3.4:E'+-,<iic. 



These equations, being true for oil value: 
/= (§ 6) ; hence we have 

f(x') = A', /'(*') = -»'. 

/'"(x') = [3Z>', f{x') = \iE\ , 

Solving these equations for A', B\ C, etc. 






(1) 

(2) 
(3) 
(4) 
(5) 
e true when 



/"M=2 0', 



|2 
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Sabstituting these values in (1), we obtain 

+ri.^)^+- (6) 

11 

Since the coeflScients in (6) are equal to /(«), /'(*)» /"(*)' 
etc., for x = x', and since x' is any value of x, we have, in 
general, 

Ax + y) =/(«) +/'(*)y +/"(*) ^ +/'"(*) il 

+/"(«)^ + - (A) 

11 

This development ot f{x + y) was first published in 1715 by 
Dr. Brook Taylor, from whom it is named. 

88. When «'= 0, equation (6) of § 87 becomes 
Ay) =/(0) +/'(0)y +/"(0) g +/"'(0) j| 

+/"(0)j|-+- (7) 

in which /(O), /'(O)? etc., are the values of /(y) and its suc- 
cessive derivatives when y = 0, 

Letting x represent the variable in (7), we obtain 
f{x) =/(0) -f/'(0)x 4-r (0) ^ -f/'"(0) ^ 

+/'HO)^-f- (B) 

Equation (B) , called Maclanrin's Formula, is a formula for 
developing a function of a single variable in a series of terms 
arranged according to the ascending powers of that variable, 
with constant coefficients. 



THE BINOMIAL THEOREM. 97 

The completion" of Taylor's and Maclaurin'a formulaB will be 
deferred until we have applied them to the development of a 
few functions. 

89. To develop (x +y}"', or to deduce the Binomial Theorem. 
Here A!c + y) = {x+y)-; .■.f{x) = 3r, 

f\x) = mx~'\ f"(x) = wi(m - 1}^"-', 

Subatituting these values in Tajlor's formula, we have 





("; + »)-- 


jr + mxr- 


y+- 


-~^- 


V 






1 »<» 




!^^«-y+... 


M. 


To develop top.(x + y). 








Here /(. + >,) = 


1»1!.("' + !/) 




f(«)-log.>,, 




/'W = |', 


/"(«)=- 


'i?' 


/'"W-^ 


', etc. 


Substituting ttiese values iu Taylor's formula. 


jve have 




log.{": + y 


= log.a! + 


»e- 


-t-& 


-5- 



which is the logarilkmio series. 

Cor. If a; = 1 , and wi = 1 , we have 

'°i'<'+»'=i-f+T-T+-r-r 

which is the Ncperian logarithmic series. 

■ Tlic BcrieB oblaiiiL'd by applying Taylor's or Matlaurin'B formula, as 
giren above, to any given function may or may not be tlic devt'lopineiit of 
that function. Their complete forms, however, enablu us lu determine what 
functions can be developed by them. 



T "i 



I 
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91. To develop a^^^. 

Here f{x) = a', f\x) = a" log a, etc. ; 

/.a'+«' = a'ri + loga| + (loga)«^4-(loga)»^H-...'| 

92. To develop (a -f x)™ 6y MaclaurirCs Formula. 
Here /(«) = (a+a)*; .-. /(0) = a*. 

f\x) = m(m- 1) (a-f «)— ' ; .-. f'{0) = m(m-l)a* 2. 
etc. etc. 

Substituting these values in Maclaurin's formula, we have 

93. To develop sin x. 
Here /(«) = sin a; ; 

f'(^x) = cosaj; 
/"(a;) = — sina;; 
/'"(aj) = — cosa; 
/'^(aj) = sina5; 
/''(aj) = cosaj; 
etc. 



•. /(0)=0. 

•• /'(0) = i. 

•./"(0) = 0. 
•./"'(0) = -l. 
•. /"(O) = 0. 

•• /'(0)=i. 

etc. 



Substituting these values in the formula, we have 

/>«" /jJ* /W /*•• 

smaj = 05 — . h. . — H ••• 

li li LI L?. 

94. To develop cos x. 

cos a; = 1 — , h . . h . • •• 

11 11 11 11 



This result could be obtained by differentiating the value of 
sino? found in § 93. 
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95. To develop a*. 

a* = 1 + loga^ + (log ay— + (log aY— -f — , 

which is the exponential series. 

Cor. 1. If a = e, the Naperian base, we have 

e*=l -J 

1 11 IIL 11 

Cor. 2. Putting «= 1, we have 

e = l4-l + — 4- — -f — 4- — 4-... 

[2. IL Li ^ 

Hence e= 2.718281 -f. 



(1) 



96. To develop log^ ( 1 -f x) . 

log«(l-faj) = 7wfa;-y + y-— -fy 1 

which is the common logarithmic series. 
If m = 1 , we have 

log(l + x)=x-^ + ^-^ + f-..., (1') 

which is the Naperian logarithmic series. 

In § 104, this development is proved to hold only for values 
of X between —1 and -f-l ; hence, in this form, it is useless for 
the computation of Naperian logarithms of numbers greater 
than 2. We therefore proceed to adapt the Naperian logarith- 
mic series to the computation of logarithms. 

Substituting — x for a? in (1'), we have 

log(l-aj) = -aj- — - — -— -^ (2) 

^^ ^ 2 3 4 5 ^ ^ 

Subtracting (2) from (1'), we have 

log(l + a:)-log(l-iB) = 2^a: + |^ + ^ + |^ + ...Y(3) 
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1 1-4-x z 4-1 

Let X = ; then —^— = --i-— ; and, for any positive 

22; -fl l — x z 

value of 2, a; < 1 . 

Hence log(l -\-x) — log(l — x) = log(2; -f 1) — logs;. 

Substituting these values in (3), we have 

log{z-^l) — \ogz 



= 2(:.-^+:r7.^-^,+ ... V... + 



•••)• (4) 



^22-hl ■ 3(22+1/ ' 5(22-fl)' 

Equation (4) is true for any positive value of z ; and, since 
the series converges rapidlj', log (2 +1) can be readily computed 
when log 2 is known. 

Putting 2 = 1 in (4), we obtain 

log2 = 2A-f7r^ + — ,-f-^+— Y 
^ V3 3.38 5.3* 7.3^ J 

Summing six terms of this series, we find 
log 2 = 0.693147+. 

Putting 2; = 2 in (4) , we have 

log3=log2 + 2A+ -1- + -^- + -^+...^ 

^ ^ V^ 3.58 5.5* 7.5^ J 

= 1.098612 + . 
log 4 = 2 log 2 = 1 .386294+ . 

Putting 2 = 4, we obtain 

= 1.6094379+. 
log 10 = log 5 + log 2 = 2.302585 + . 

In this way we can compute the Naperian logarithms of all 
numbers. 

Cor. 1 . Letting m and m' be the moduli of two sj'stems of 
logarithms whose bases are a and a', from (1) we evidently 

l^ave log,(l + a:) ^m^ ^^^ 

in which x lies between —1 and +1. 
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To prove that tfae principle in (5) is true for all numbers, let 
log.(l + x) = Uy and loga'(l + x) = w\ 

then a" = (1 -f «) = a'*', or a'= a* ; (6) 

and ]9S^il±^^]L. (7) 

log«'(l + iB) w 

Again, y being any number, let 

^ogaV = «» and log„.i/ = v ; 
then a' = y=^ a'% or a'= a* ; (8) 

and l2&Ll=i. (9) 

From (6) and (8), 

a» = a% or — = ?^. (10) 

w V 

From (7), (9), (10), and (5), we have 

^oSaV ^ logg (l+a?) ^m .^^v 

loga'2^ loga'(l + «) m' 

Hence, the logarithms of the same number in different systems 
are proportional to the moduli of those systems. 

Cou. 2. If, in (11) of Cor. 1, we let a'= e, we have 

7/l'= 1, 

and log„3^ = mlog3^. (12) 

• 

Hence, tJie logarithm of a number in any system is equal to 
the Naperian logarithm of the same number* multiplied by the 
modulus of thai system, 

CoR. 3. If, in (12) of Cor. 2, y = a, we have 

1 



m =: 



log a 



Hence, the modulus of any system of logarithms is the recipi'o- 
cal of the Naperian logarithm of its base. 
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In the Common system, a = 10 ; 

hence m = ; = = .434294 4- . 

log 10 2.302585 ^ 



97. Ta3lor*8 formula evidently fails to develop f(x -f y) for 
x = a, if /(a) or /"(a) is infinite, while n remains finite ; while 
Maelaurin's fails to develop /(«) for any value of a:, if /(O) or 
/*(0) is infinite for n finite. 

For example, by Taylor's formula, we have 

When a; = 6, (1) becomes 

Vy = 00 — 00 -f .-• 
• Hence the formula fails to develop (x — b -^ y)^ for x = b. 

By Maclaurin's formula, we have 

loga;= — 00 4- 00 — 00 -4- ••• 

Hence Maclaurin's formula fails to develop logo; for any value 
of a;. 

98. To complete Taylor's and Maclaurin's formnlas so that 
they shall enable us to determine what functions can be devel- 
oped by them, we need the following lemma : 

Lemma. If f (x) is continuous between x = a and x = b, and 
if f(fi) = f (b)= 0, then f'(x), if continuous^ must equal zero for 
some valu£ of x between a and b. 

For, if /(«) is continuous, and /(a) =/(&) = 0; then, as x 
changes from a to 6, f(x) must first increase, and then decrease ; 
or first decrease, and then increase ; hence f'(x) must change 
from + to — , or from — to -f » and therefore, if continuous, 
pass through 0. 



Taylor's and maclattrin's fobmtti^as. 



99. Completioii of Taylor's and Haclsnrin's Formulag. Tu lie 

the developmeut of f[j!-\-y), tlie seriea in Tajlor's furniuhi niuat 
be flnite or infloite and coavergent (§ Bo). 

Let /"^ bo the difference between /{x-f-y) :uul tlio sum ot 

tlie first 11 terms of llio scries ; tlieii we Jiave 

We proceed to find the value of P. 

Letting )/ = X — xin (1), and transposing, we have 



k 






-/"(^) 



-r'{a,)i- 









Let F(z) represent the function of z obtained liy substituting 
z for X in tlie first member of (2) ; then 



F{2)=f(X)-Az)^f(z) 



X- 






(3) 



Substituting X for a in (3), we obtain F{X) = 0. 

From (2) we see that the right-hand member of (3) is for 
z = x\ hence, by substituting x for a in (3), we obtain 2*'{a:)=0. 

Differentiating (3) to obtain F'{z), we find that the terms of 
the second member destroy eacli other in pairs, with the eseep- 
tion of the last two, and ol)tain 
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71—1 n—-! 



Whence, P=p{z) when F\z) = 0. Since F(z) = when 
2; = X, and also when 2; = a, JF"(2) = for some value of z 
between X and x (§ 98). Now, hy giving to some value be- 
tween and +1, any value between x and X can evidently be 
represented hy x-^-S^X^x). 

Hence, P =/*[« + ^(X -«)]=/* (a; -f^y). 
Substituting this value of P in (1), we have 

Li. LL 



|n — 1 \n 

which is one complete form of Taylor's formula. 

CoR. Letting a = 0, and putting x for y, we have 

f{x) =/(0) -\-f\0)x +/"(0) ^ +/"'(0) .-J -h ... 



aJ" . ^//» X aJ" 



which is one complete form of Maclaurin's formula. 

100. If we had let Piy be the difference between /(a;+y) and 
the sum of the first n terms of the series in Taylor's formula, 
we should have found 

?i — 1 



Hence a second complete form of Taylor's formula is 

|w — 1 [n — 1 
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CoK. 1, The correspouding complete form of Moclaurin'B 
formula is cvidontly 



/W-/(0) +/'(»)"' +/"(»),^ 



+/-(«i)-^ 



All that we know of 6 in any of these formulas is that its 
value lies between and +1. 

Cor. 2. If, on applying to a. given AiDction any one of these 
completed formulas, tbe last term becomes 0, or approaches 
as its limit, as n increases, the formula evidently develops this 
function ; if not, the formula faila. 



101. Since -2^ = ^ ■r^— 






- is very small when y 



is finite, and n is very large ; each value of — is a very small 
part of its preceding value. 

V* 
Hence ; — = 0, when y is finite and i 



CoK. j^f"(x) does not become infinite with n, Taylor's and 
Maclaurtn's formulas give the true development of f (x + y) and 
f(s) respectively. 

102. To prove that Maclaurin's formula develops a'. 
Hore /■W = (logi.)-a-; .'./-(Sx)- (loga)M", 
■ ("log ")■ „., 



/■(»«) 



t" 



t 



Since a*' is finite, and ^ — 
nitely (§ 101) ; 



S^ = 



increases indell- 



md tlie foiTnula develops the function {§ 100, 



jM 
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103. To prove that MaclaurirCa formula develops sinx and 
cosx. 

The nth derivative of each of these functions is finite, how- 
ever great n may be ; hence Maclaurin's formula develops both 
of them (§ 101, Cor.). 

104. To determine for wJiat v€dv£8 of x Madaurin's formvla 
ievelops log{l-\-x). 

The fonnula gives (§ 96), 

log(l-faJ) = T- — + — - — + ••• 4--^^ L— 

12 3 4 71 — - 1 

, (-l)»-iaf' 

H • 

n 

The ratio of the nth term to the term before it evidently 
approaches -~a; as n increases. Hence, if x is numericall}' 
greater than 1 , the series is divergent, and cannot be the devel- 
opment of log (1 -fa). We need, therefore, to examine the 
value of the last tenn of the formula only for values of x be- 
tween — 1 and +1. 

^ / X (~l)"-^ln-l 
"•^ ^ ^\n_ n \l-h0xj 



i-ijr-^ 



For values of x between and -fl?-^^ — ^ — andf i 

each approaches as n increases ; hence the formula develops 
log (1 -f a?) for these values of x. 



When X lies between and —1, let Xi represent its absolute 
value ; then a = — 2Ci, and log(l -f a;) = lc^(l — Xi) . 

Using the second form of the formula, we have, numerically, 

In — 1 (1 — ^ajj)* 

= M— ^a^ Y~^ a^ . 
1 — OxiJ 1-Oxi' 



TAYLOR S AND MACLATIRIN S FOHMTTT.AS, 



(l- »"!,'} 



approaclies as ra incjeases. The formula there- 
fore develops log (l+a:) when 3; lies between and —1. 

Hence, Madaurin's formula develops log( 1 + s) fur values of 
X belvteen —1 and +1. 

106. To determine for what values of x Madnurin's formula 
develops (l + x)"". 
The formula gives 



(l + :r)-^ 



ni(m-.l)...(m 



t-^),. 



If 



I is a positive whole nnmber, f{6x) | — =0 when n 



this case, Maclaurin's formula develops (1 + ai)" m a 
■s of m -+- 1 terms. 



hence, 
finite \ 

If m is negative or fractional, the series is infinite. The ratio 
of the (B + l)thterm to thejithis — — — i-a;, which approaches 
— xsA n increases. The series therefore is divergent, and can- 
not equal ( 1 -f- ar)" when x ia numerically greater than 1 . Hence 
we need examine the value of the last term of the formula onlj- 
for values of x between -\-l and — 1. 

Hers <-(»)„'»("-')-("-'■+')('+')', 
(1 +!!)• 



■■■f-IM)r 



«(».-l)...(» 



^Kri 



When X lies between and 1, (1 + ^a;)*" is finite, 
and I ) = 0, as n increases indeflniU'Iy. 



hOn)-. _ 



Y 
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An increase of 1 in the number of terms multiplies the factor 

in brackets by x^ which approaches — a; as n increases. 

Hence the last term of the formula approaches as n increases ; 
and the formula develops (l + o;)"* for values of x between 
and +1. 

Using the second form of the formula, we have 



rie^) ^'-'yy 



71-1 



L \iLzi h^ 



+ex) 1-^ 



For values of x between and — 1 , ■^— ?- — '— is finite ; 

i—e 

approaches as n increases ; and an increase of 1 in 






the number of terms multiplies the factor in brackets by a;, 

n 

which approaches — a? as n increases. Hence Maclaurin's for- 
mula develops (1 + a;)* for all values of x between -—1 and -4-1. 

106. The Binomial Theorem. Since (a + a;)* = a*| l + ?j , 
and M -|-_] can be developed by Maclaurin's formula, when x 
is numerically less than a (§ 105) ; therefore, in this case, 

(a + a;)''* = a"*-F?na*-^a; + ^^^""^) o'>-*g'+»- (1) 

For like reason, when x is numerically greater than a, 

(a;-f a)''' = af*-f mar-^a-h ^^^""^ )gr-«a*+»»« (2) 

Hence one, and only one, form of the development of (a -|- a;)* 
holds for any set of values of a and x. 



\ 
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107. To develop tan~^x^ and find the value of v. 

J ! + «* 
When X lies between —1 and +1, 

^-i^ = (l+a»)-^ = l-a:2+a:*-a^+a^-...;§105. 

•••/l^ => -/^^ -^P^ -/^^ 

4- I ix^dx— ••• -: 

Hence, if x is numerically less than 1, 

Hj Cu Qu Hj 

tan~'a? = aj h-z 1 •• (1) 

3 5 7 9 ^ ^ 

(7=0, since tan"^a; = when a; = 0. 

If we put a; = -^-, equation (1) becomes 

\3 6 MsV 9 45 189^ )' 

.•.7r=2V3A-i-f-^^ ^-f ...^ = 3.141592 + . 

V 9 45 189 y 

108. To develop sin~^x^ and find the value ofw. 



sm ^x = x-] h 

2-3 2.4.5 2.4.6.7 



• . . 



? 



when X lies between —1 and +1. 



,w l/'-,l,3, 5 , \ 

• - = -( IH I ; 

6 2 V 24 640 7168 y 



or, w = 3. 141592 -f. 

It was by means of this series that Sir Isaac Newton com- 
puted the value of ir. 



no 
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109. To prove geometrically that f (a -f- h) = f (a) + h f (a+ tf h) , 

f (x) and f'{x) being continuous and finite be- 
tween X =a and x = a + h. 

Let pp'p" be the locos of y =fix) , a = oa, 
and A = AN ; then / (a) = ap = nm, and 
/ (a -h /i) = NP". The curve must be parallel 
to the choi-d pp" at some point p' between p 
and p". Now, ob = oa + ab = a -h ^^» hav- 
ing some value between and 1 ; 

f\a -\-0h) = tan bdp'= tan mpp". 

.•.Mp"=PMtanMPp"= A/'(a-|-^A) ; 

/./(a + h) = NM + Mp"=/(a) + hf(a + eh). 




hence 



Examples. 



1. Develop {a^^ba^)^. 

^ ^ 2a 8a» 16a« 

2. Prove that tana? = a:H 1 [-••• 

3 15 

3. Prove that sec «= 1 H 1 1 }-••• 

2 24 720 

4. Given/(a;) = 2a^ — 3iB*H-4a; — 3, to find the value of 
f{x -h h) , h being a variable increment of x. 

Here /(«) of Taylor's formula is 

2a^ — 30^2 + 4a; — 3, andy = A; 

.-. /'(a;) = 6«2-6a; + 4, /"(«)= 12a; -6, 

/'"(a;) =12, and/'^'(a;) = 0. 

/./(a-f /0 = 2a;^-3a;* + 4a;-3-f (6a?-6aj + 4)^ 

-f (6a;-3)A*4-2/A«. 



5. Given f(x) = 2 ar* - 3 a;, to find /(a; + ^) . 
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6. Develop sin (x + y). 

sin (« + y) = sin a; ( 1 — ,^ -h .^ — -2- H j 

^ ^^ V [1 11 11 / 

-h cosaj ( y— ,^ -h ;^ — .^ -h ••• ) 

V 11 iL 11 ; 

= sin a? cos y -f cos a? sin y. §§ 93, 94. 

7. Prove that cos (a: + y) = cos x cos y — sin a; sin y. 

8. Prove thate~" = e/^l-.— + ^*-^ + ...Y 

V \1 \L \L J 

9. Provethatlog(l-fsina:) = aj- — + — - — + ... 

^^ ^ 2 6 12 

10. Develop e-*"'. e-^«= !+«+ ~-^+ — -— -f - 

H 11 LL LI 

11. Develop ^ 



•\/ly'-<^a^ 



12. Develop ar'e*. aj^e^^aa-i-ajS . ^ , «! , ... 

13. Develop log(l +6*). log2H- ?H-|-||^ + ... 

14. Prove that, if /(a?) =/( — a:) , the development of /(«) 
contains only even powers of x ; while, if f{x) = —/(—«) , the 
development of /(a?) involves only odd powers of x. 

15. What powers of x appear in the development of sin x, 
and why? cosa;? tana;? seca;? sin'^a;? tan^aj? 




110. A miixillllllll value of a function of a. single variable is 
' % value that is greater than its immediately preceding and 8uc- 

ceediog values. A iniTiiinntn value is one that is less than its 
ill! mediately preceding and succeeding values. 

Therefore, if we conceive x as always increasing, f{x) must 
be an increasiitg ftiQction immediately before, and a decreasing 
function immediately after, a maximum ; also, imme<liatcly be- 
fore a minimum, f(x) is a decreasing, and immediately after 
an increasing (\] action. 

Hence, l'(x) is positive before and negative after a moiximum 
of f(x) , and negative before and positive after a miTitmum. 

111. From g 110, fix) must change its sign as f{x) passes 
through cither a maximum or a minimum. But, to change its 
sigu, /"(x) must pass through or oo. 

Hence, any value of x that renders f(x) a vutximum or a 
minimum is a root of f'(x) = or l'(s)= od. 

The CDuverse of this theorem is not true ; that is, any root 
of f'{x) = Q or 00 does not necessarily render /(a;) a maximum 
or a minimum. These roots are simply the crilivai values of x, 
fur each of which the function is to be examined. 

To illustrate geometrically the preceding definitions and 
T principles, suppose a'h' to be the locus 

of y = f{x). Then, by definition, an', 
cc', and ee' are maxima, and bb' and dd' 
are minima of f{x) . In passing along 
the curve from left to right, the slope 
oa b r. 'I e h ^f jjm corvc f{x) is positive before, 

and negative after, a maximum ordi- 
nate ; and negative before, and positive after, a minimum 
ordinate. 
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Moreover, at a point whose ordinate f{x) is a maximum or 
a minimum, tbe curve is either parallel or perpendicular to the 
axis of X, and therefore fix) = or oo. 

At x = oh, f'(x) = 0, but hh' is neither a maximum nor a 
minimum of f{x). 

112. Whether any one of the criticai values of j; renders /(a:) 
a maximum or a minimum can be determined by one of the 
following methods : 

FiBST Method. In this method we detenniQe directly whether 
/'(a:) changes from positive to negative, or from negative t« 
positive, as x passes through a criliGat value. 

Let a be a criticol value, and h a very small quantity. In 
f'{x) substitute a — /i and a + h for x. 

If f'{a~h) is positive, and f'{a + h) negative, 

/(a) is a maximum. §110 

If /'(a — ft) is negative, and f'{a + h) positive, 

f(a) is a minimum. 
If /'(a — ft) and f'{a + h) have the same sign. 

Second Methob. This method applies only to the roots of 
f'{x) = 0. Let a be a critical value of x. Developing f(x—h) 
and /(x + 7i) by Taylor's formula, substituting a for x, trans- 
posing /(o), and remembering that /'(™) = 0, we have 



and /(«+ft}-/(a}=/"(")|+/"'('')|+/"(«)~+- (2) 

If ft be taken very small, the sign of the second member of 
either (1) or (2) will be the same as the sign of its first teim. 
Hence, if /"(a) is negative, /(a) is greater than both /(a —A) 
and /(a + A), and therefore a maximum; while, if f"{a) is 
posiUve, /(a) is less than both /(a — ft) and /(a + A), and 



UAXIHA. ASD MINIHA. 

therefore a minimum. If /"(a) is 0, and f"'{a) ia not 0, 
/(a) is neither greater than hoth/(a — /i) and/(a + A), nor 
less thuD both, and iu therefore neither a maximum nor a mmi- 
mum. If/'"{n), as well as /"(a), is 0, and /"(a) is negative, 
/(a) is greater than both /{a — A) and /(o + A) , and therefore 
a mnximura ; while, if /"(a) is positive, /(a) is a minimum. 

Hence, if n is a critical value obtained from f ' (s) = 0, subxti- 
lute a for x m the sriccessive derivatives of f(x). Jf the first 
derivative that does not reduce lo is of an odd order, f (a) w 
neither a maximttm nor a ■miniw.wm; bid, if the first derivative 
that does not reduce to w ofa-n even order, f (a) is a maximwm 
or a minimwrn, according as this derivative is negative or positive. 

113. Maxima and minima occur alternately. 

Suppose that a < 6, and that /(«) and f(b) are maxims 
of /(i). When x = a + h, f{x) ia decreasing; and, when 
x^b — h, f(x) is increasing, h being very small. But, in 
passing from a decreasing to an increasing state, /(x) must pass 
through a minimum. Hence, between two maxima, there must 
be at least one minimum. 

In like maoucr, it can be proved that bctweun two minima 
there must be at least one u 



114. The solution of problems in maxima and minima is 
sometimes facUitated by the following considerations : 

(a) Any value of x that reniiere c -/{x) s 
being positive, renders /{z) a maximum or a 

(6) Anj value of x that reniiere \ogaf(i') a, maximum or a minimum, 
renders f{x) a maximuni or a minimum, a being greater tban uaity. 

(c) Any value of x that renders _/X^) * maximum or a minimum, renders 



fW 

(d) Any value of x that renders e +f(i:) 
renders /{i:) a maximum or a minimum. 

(e) Any value of i thai renciera f(i) positive, and a 
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Examples. 

1. Find what values of x render iar*— 15a?4- 12aj — 1 a 
maximum or a minimum. 

Here f{x) = 4a:» - 15a^ + \2x^\; 

.-./'(a?) =120? -30a? + 12, and /"(«)= 24a;- 30 ; 

hence the roots of /'(«) = 12aj^— 30a: + 12 = 0, which are i and 
2, are the critical values of a: (§ 111). 

But /"(i) = iUx - 30]i = - 18, 

and /"(2) = [24aj - 30]2 = + 18 ; 

hence when a; = ^, the function is a maximum (§ 112), and 
when a; = 2, it is a minimum. 

2. Find the maxima and minima of af* — 9a?4-15a; — 3. 

Here /'(aj) = 3a?- 18aj + 15, and /"(«) = 6 a?- 1§; 

therefore 5 and 1, the roots of /'(«)= 3a?— 18 a? + 15 = 0, 
are the critical values (§ 111). 

/"(5) = [6aj-18], = + 12, and /"(I) = -12; 

.•./(5), or [a?-9a?4-15a:-3]5,[=-28]isamin., 

and /(I), or [a? — 9a?4-15aj — 3]i, [=4] is a max. 

Let the student construct the locus of y = a?— 9a?+15a: — 3, 
and thus exhibit these results geometrically. 

3. Examine a? — 3a?-|-3a;-|-7 for maxima and minima. 
Here /'(a?) = 3a? -6^+3, /"(a;)=Ga;-G, and/'"(a;)=G ; 

tlierefore 1 is the critical value. 

But /"(l) = [6aj-6]i = 0, and /"'(1) = 6; 
hence the function has neither a maximum nor a minimum (§112). 

4. Examine a? — 5 a* + 5 a? — 1 for maxima and minima. 
Here f{x) = a?-5a;*4-5a?-l; 
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.•./'(aj) = 5aj*-20a?4-15aj*, /"(«)=20a?-60a?+30«, 
and /'"(a) = GOa^ _ i20a? + 30 ; 

therefore 1,3, and are the critical values. 

Since /"(1) = - 10, /(!)[= 0] is a maximum. 
Since /"(3) = + 90, /(3)[=-28] is a minimum. 
Since /"(O) = 0, and /"'(O) = 30, 

/(O) is neither a maximum nor a minimum. 

5. Examine fa? — 1)* (a? + 2)^ for maxima and minima. 
Here /'(aj) = (aj- l)8(aj + 2)2(7a? + 5), 

and the critical values are — 2, — ^, and + 1. 

In this example, the first method is to be preferred. By in- 
spection, we see that 

/'(— 2 — /i) and /'(— 2 + ^) are both positive ; 
hence /( — 2) is neither a maximum nor a minimum (§112). 

/'(--f-^) is +, and f'{-f + h) is - ; 
hence /( — 7) is a maximum (§ 112). 

/'(I - h) is _, and /'(I + h) is + ; 
hence /(!)[= 0] is * minimum. 

6. Examine 6 -f- c(aj — a)* for maxima and minima. 

Here f(x) = /^^ ^, ; 
•^ ^ ^ 3(a;-a)J' 

and the critical value is a, the root of /'(«)= 00. 

IS — , and ; — is + ; 



3(a-/i-.a)J 3(a+h-a)^ 

.•./(a) [=6] is a minimum. 

7. Examine ^ — — — ^ for maxima and minima. 

a — 2a; 

Here f (x) = i^^l^^^i^^^^ ; 



EXAMPLES. 117 



a a 



and the equations / («) = and / (a) = oo give -, -, and a as 

4 2 
the critical values. 

By inspection, we see that /'(») changes from negative to 
positive when a? = T; hence /[-] is a minimum. But, as /'(a) 

does not change its sign when x=za or -, /(a) and/[-)are 
neither maxima nor minima. 



8. Examine c -h V4aV — 2aa^ for maxima and minima. 

By (d), (e), and (a) of § 114, any value of x that renders 
c + V4aV— 2aaj^ a maximum or a minimum, renders 

V4aV — 2aaj^, 4aV — 2aa^, and 2aar^--a^ 

a maximum or a minimum. 

Hence, let f{x) = 2 oa^ — af*, etc. 

Ans. When a? = 0, c-f \/4aW — 2 ao^ is a minimum ; 
'' a5 = fa, " " is a maximum. 

9. What values of x render 2a^ — 21ar^ + 36a; — 20 a maxi- 
mum or a minimum ? 

Ans, /(I) is a max. ; /(6) is a min. 

10. Examine 3 a* — 125 ar* + 2160 aj for maxima and minima. 
Ans. /(— 4) and/(3) are max. ; /( — 3) and/(4) are min. 

1 1 . Examine af* — 3a:* + 6aj + 7 for maxima and minima. 

Ans, It has neither a max. nor a min. 

12. If /'(«) = aj3(aj-l)2(aj-2)3(a:-3)S what values of x 
render /(a) a maximum or a minimum? 

Ans. /(O) is a max. ; /(2) is a min. 

13. Examine x{x -\- ay {a — xY for maxima and minima. 

Ans. f{—a) and/[-) are max. ; /( j is a min. 
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14. Examine -i— - for maxima and minima. 

a?-10 

Ans. /(4) is a max. ; /(1 6) is a min. 

15. Examine ^ \ for maxima and minima. 

(x-'dy 

Ans, /(3) is a max. ; /(13) is a min. 

16. Prove that sin x -|- cos a? is a maximum when a; = — 

4 

17. Examine for maxima and minima. 

logo; 

Ans. 

lose 

18. Prove that of is a maximum when x = e. 



Ans. is a min. 



IT 



19. Prove that sin aj(l + cos x) is a maximum when » = - 

3 

20. Prove that is a maximum when x = cos x. 

1 + a? tana? 

21. Examine the cui*ve t/ = af* — 3 «* — 24 a? + 85 for maxima 

and minima ordinates. 

Ans. 113 is a max. ; 5 is a min. 

22. Examine t/ = aj^ — 9 ar^ + 24 a; + 16 for maxima and min- 
ima ordinates. 

Ans. 36 is a max. ; 32 is a min. 

23. Examine y = si^ — 3a^ — 9x-j-5 for maxima and minima 

ordinates. 

Ans. 10 is a max. ; — 22 is a min. 

24. Examine 2/ = a."* — 5aj* + 5aj^-f-l for maxima and minima 

ordinates. 

Ans. 2 is a max. ; —26 is a min. 

25. Examine y=sm^xQosx for maxima and minima ordi- 
nates. 

A71S. When a; = ^ tt, y = ^ V3, a max. 



GEOMETRIC PROBLEMS. 



Geometric Problems. 



cyliuder that can be 




1. Find the altitude of the 
inscribed in !i given right cone. 

Let IK be the cylinder inecribed 
given cone dab. Let o=dc, &=ac, i/ = mc. 
X = iM, and F= the volume of the cjlindev ; 
then P"= ttxi^. 

From the similar triangles adc and iDU, 
we Und 

.■.V=7r~x(_a-icy, mg. 28. 

which is the function whose maximum is required. 

Let f{x) = x(a-x)\eto. § 114, (o). 

Arts. The altitude of the cylinder = -J that of the cone. 

2. Find the altitude of the maximum cone that can be 
inscribed in a sphere whose radius is r. 

Let ACD and acb be the aeraieircle and 
the triangle which generate the sphere and 
the cone. Let x=ab, y = BC, and F= 
the volume of the cone; then V= ^■n-xi/'. 

Since i/" = AH.BV = x{2r- x), ^■^■ 

which is the function whose maximum ia required. 

Ans. The altitude of the cone = J the radius of the sphere. 



3. Find the altitude of the maximum cylinder that < 
inscT'ibed in a sphere whose radius is r. 

Let 3T = AB, and y = BB; 

then V=2wxf = 27rx(r-vy'). 

Ans. Altitude = §j'V3. 



1 he 
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4. Find the maximum rectangle that can be inscribed in an 
ellipse whose semi-axes are a and b. 

Ans, The sides are a\^ and &V2 ; the area = 2<ib. 

5. Find the maximum cylinder that can be inscribed in an 
oblate spheroid whose semi-axes are a and b. 

Ans, The radius of the base = ^a V6 ; the altitude = f 6V3. 

6. The capacity of a closed cylindrical vessel being c, a con- 
stant, what is the ratio of its altitude to the diameter of its 
base, when its entire inner surface is a minimum ? What is its 
altitude ? 

Let y equal the radius of the base, x the altitude, and S the 
entire inner surface ; then 

c = 7ra^, (1) 

and S = 27rf + 2Tryx. (2) 

From (1), 

dx 2x 
From (2), 

^ = 4^^ + 2.34-2^. (4) 

dx ax dx 

d^ 
Since — = when /S is a minimum, from (4) we have 

dx 

dx 2y + x 
From (3) and (5), 

2x 2y + x ^ ^ ^ 

Hence, as S evidently has a minimum value, it is a minimum 
when the altitude of the cylinder is equal to the diameter of its 
base. 

From (1) and (6), 



(3) 



(5) 



x 



\2x 
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This problem migLt have been solved like those preceding it ; 
that is, by eliminatiDg y between (1) and (2) at first. In inanj- 
probieme, however, the method given in this example ia much 
to be preferred. 

7. The capacitj- of a cj'lindrical vessel with open top being 
constant, what is tlie ratio of its altitude to the radius of its 
base when its inner surface is a minimum? 

Ans. Its altitude = the radius of its base. 



8. A square piece of sheet lead has a square cut out at each 
corner ; find the side of the square cut out when the remainder 
of the sheet will form a vessel of maximum capacity. 

AtiB. A side = ^ the edge of the sheet of load. 

9. Find the arc of the sector that must be cut from a circular 
piece of paper, that the remaining sector may form the convex 
surface of a cone of maximum volume, r being the radius of the 



volum 
Afis. The a 



10. A person, being in a boat 3 miles from the nearest point 
of the beach, wishes to reach in the shortest time a place 5 miles 
from that point along the shore ; supposing he can walk 5 miles 
an hour, but row only at the rat« pf 4 miles an hour, required 
the place where he must land. 

Ans. 1 mile from the place to be reached. 

11. Find the maximnm right cone that can he inscribed in a 
given right cone, the vertex of the required cone being at the 
centre of the base of the given cone. 

Ana. The ratio of their altitudes ia ^. 

12. A Norman window consists of a rectangle surmounted by 
a semicircle. Given the perimeter, required the height and the 
breadth of the window when the quantity of light admitted is a 
maximum. 

Ans. The radius of the semicircle ~ the height of the rectangle. 




I 
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13. Prove that, of all circular sectors having the some 
perimeter, the sector of maximum area is that in which the cir- 
cular arc is double the radius. 



14. Find the i 
in a cone whose altitude i 



irfoce of a cylinder inscribed 
b, uitd tite ra'lius of wliose base is a. 
Ans. Maximum surface = ^Ta&. 

15. Find the altitude of the cylinder of maximum convex 
snrfacc that can be inscribed iu a given sphere whose radius 
'B r. Ans. Altitude = rV2. 

IG. Find tiie altitude of the cone of maximum convex surface 
that can be inscribed in a given sphere whose ra<liu3 is r. 

Ans. Altitude = fr. 

17. Find the altitude of the parabola of maximum area that 
can be cut from a given right circnlar 
cone. 

Let on = 25, oc = a, and Bu = ir; then 
qq'=2mq= 2 Vmb ■ MO 

Also, BO : BM : : oc : MP, 
or 2b: x:: a -.MP; 




■2b 



.■.area = ^QQ'.MP = |jVa^(2&-ii). 5 66, Ex. 1. 

Let f{x) = ie\2b-x),etc. §114. 

Ans. The parabola is a maximum wheu its altitude up is f 
the slant height of the cone. 

18. What is the altitude of the maximum cylinder that can 
be inscribed in a given prolate spheroid ; that is, in a solid gen- 
erated by the revolution of a given ellipse about its major axis? 
Ans. Altitude = the major axis divided by VS. 
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19. Find tlie number of equal parts ioto wliich a given num- 
ler a must lie divided tliat tlieir continued prmiuct may be a 



. The niunber of parts = -, and each part = e. 



20. A privateer has to pass between two lights a and ii, on 
opposito headlands. The intensity of each light is known, and 
also the distance between them. At wliat point must tlie pri- 
vateer cross the line joining the lights, so as to be in the light 
as little as possible? 

Let rf^thc distance ab, and x the distance from a of any 
iwint p on ab. Let a and b be the intensities of the lights a 
and B respectively, at a unit's distance. By a principle of 
Optics, the intensity of a liglit at any point eqnals its intensity 
at a unit's distance divided by the square of the distance of the 
X>oint from the light. 



{d-xy 






Hence — ^+ 7-; 7; is the function whose minimum we seek. 

21. The flame of a lamp is directly over the centre of a cir- 
cle whose radius is r ; what is the distance of the flame above 
the centre when the circumference is illuminated as much as 
possible ? ^ 

Let A be the flame, p any point on the circum- 
ference, and x — AC. By a principle of Optics, 
the intensity of illumination at p varies directly 
as sincpA, and inversely aa the square of pa. j 

Hence - _ 

Fig. 32. 




is the function whose maxi- 

mum is required, hi which r is the radius of tiie 

circle, and a is the intensity of illumination at a uuit's distance 

from the flame. ^ , 

22. On the line joining the centres of two sph 
the point from which Iho maximum of spherical sui-face 



L 



i 

find H 

J 
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Let cp = r, cp = -B, cc = d, and ca = a?, a being any point on 
mu. From a draw the tangents Ap and ap ; then the sum of the 

zones whose altitudes are nm 
and NH is the function whose 
maximum is required. 

Since cnss — , by Geometr\' 

X 




Fig. as. 



we have 



zone nm = 2irr«nm = 2irr(r — cn) = 2ir[r* j* 



Hence 2ir 
imum is soug 



^r^+jp^fjl.^ — ^)1 ^ ^^® function whose 
hit. ... _ 



Am. xs= 



max- 
dri 



rl+i2« 



23. Assuming that the work of driving a steamer through 
the water varies as the cube of her speed, find her most eco- 
nomical rate per hour against a current running c miles per 
hour. 

Let V = the speed of the steamer in miles per hour. 

Then ai^ = the work per hour, a being constant ; 
and v — c = the actual distance advanced per hour. 

Hence = the work per mile of actual advance. 



V — c 



Ana. v = fc. 



fu^r^tl 



CHAPTER IX. 



FEBCTIONS OF TWO OB MORE VARIABLES, AND CHANGE OF 
THE IMDEPENDEHT TARUBLE. 

115. Fnnctioiis of two or more Variables. Since any inde- 

pendent variable is some arbitrary function of (, ( representing 
time, a function of any Diimher of independent variables may 
he regarded aa a function of the single variable t, and therefore 
differenCated by the rules already established. 

f^it^i ^^^ "function of x and y," represents any function 
of JtAid y\ BS, 7? -\- xf -\- xy and sin(a: + y) . 

f(x, J/, z), rend "functi6n of x, y, and z," represents any 
function of x, y, and x. 

116. ArTartial Differential of a function of two or more vari- 
abFes is the differential obtained on the hypotheaia that only one 
of th^variables changes. 

117. A Total Differential of a function of two or more vari- 
ables ia the differential obtained on tbe hypotheaia that all ita 
variables change. 

118. A Partial Derivative of a function of two or more vari- 
ables is the ratio of the partial differential of the function to 
the differential of the variable that is supposed to change. 

119. A Total Derivative of a function of two or more vari- 
ables, of which only one is independent, is the ratio of the total 
differential of the function to the differential of the independent 
variable. 

if « = /(a!, y), the partial differentials of u with respect to 



5 and y are written d,w and d,M, 







partial derivatives, or differential cocGBcieiits, 
simply ~ and - 



dx 



rfy 



rfas 



dy 



120. The total differential of a functvin of two or more vari- 
itW* is equal to Ike sum of its partial differentials. 

For, if u =f(x, y) , it is evident, from the general principles of 
difTerentiation, tiiat dit can coDtain only sucli terms aa are of the 
first degree in dx aud dy. 

Hence t(« = *(x, y)dx + ^(a, y)dy, (1) 

in wlifch i^{x,y') and <i>\{x,y) represent the sums of the co- 
efflcieiits of dx and dy in the different terms of du. 

Let x' and y* be any set of values of x and y ; then we have 

du = </.(!r', y')dai + ^,(x', y)#. * (2) 

ady = Q, 0{x', y') remains 



Let y \k regarded as constant ; tbei 
UDebangcd, and (2) becomes 

d,H = ^(x', y')dx. 



(3) 



It J 



is constant, (2) becomes 



W 

Adding (3) and (4), and remembering that x' and y' are any 
values of a aud y, we have in general 

d^u + d^u = •t>{x, y)dx + ^i{x, y)dy = du. 

Since a similar process of reasoning conld be extended to a 
function of n variables, the theorem is proved. 

If X and y were not independent, the demonstration given 
above would still hold ; for the idea of a partial differential of a 
function sets aside any question concerning the dependence of 
its variables. 

121. SlgBifioatton of Partial Derivatives. From g 31 it is 
evident that a partial derivative expresBes the ratio of the rate 
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of change of the function to that of its variable, so far as its 
rate depends od the variable supposed to change ; and that a 
function ta an increasing or a decreasing function of any one of 
its variables, according as its partial derivative with respect to 
that variable is positive or negative. 



Here 
and 



Examples. 
= b^ + ca^ + gt^ + ex i find du. 
d,M = (6/+2ca + e)dai, 

.-.du ={b!/' + 2cx + e)dx + (2byx + Sg'/)dT/. 



= log a?. 
= tan-'-- 

= log tan ~' 
-t + t. 



Alts. du = y logy rfa; + xj^-'^dy. 
da = -dx + \ogxdy. 

ajs + y" 
d« = j""' log^ cosxdx + -^'" . ^ - dy, 
A ydx-xdy 






y 



122. If u=f{x,y,z), and y=^{x), and z = <l,j{x), n is 
directly a function of x, and indirectly a function of x through 
y and z. If u=f{z,y), and y = ^{x), and % = 4,^{x), u is, 
in like manner, indirectly a function of x thixiugh y and z. In 
all such cases the total derivative of w with respect to x can be 
obtained by finding the value of u in terms of x, and differen- 
tialing the result ; but in many cases it is more readily obtained 
by using the formulas of the next article. 



i 
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123. If w = /(«, y, j), and .v = *(x), and z 



we have du = 



\_dx\ dx dydx dz dx 



in which — , - — , and — 
dx dy dz 

the total deiivative of a. 



e the partial derivatives, and 



CoK. 1. If u=^f{x.y), and y = <t>(x), du = '^dx + '^ 
dx dji 

Cdir\_dudui]y_ 
dx\ dx dijdx 

Con. 2. If u=f(y, z), and y=^(x), and s = ,^y{x). 



Cfiw"! _ du dy , dn dz 
rfx J dy dx dx dx 

Cob. 3. If « = /(//), and y = <^(ai), du = —dy\ 
dy 
, d«_rfud)/ 
' dx dydx 

Rem. To make the above tlieorem and corollaries intelligible, 

the aignifit.ition of each tci'ra and factor must be had clearly in 

mind. Thus, in the theorem, — denotes the total derivative 
Idxj 

of H with respect to x, that is, the derivative obtained on the 
hypothesis that x, y, and a are all changing according to the 
given conditions ; while — denotes tlie partial derivative of « 
with respect to x, that is, tlie derivative obtained on the hypo- 
thesis that y and z are constant. 



■ AnnljBls are not agreed as lo the heat means of distinguishing total 
from partial derivatives ; but wc ehall always distinguiali tlie total deriva- 
tive of B. function of l»a or more variables by enclosing it in brackets. 
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Examples. 

1. u=s7?-\-t^-\-zy^ 2=:sina?, and y = e"; find — • 

LcteJ 

Here W^dudy^dadz^ .^^ 

\dxj dydx dz dx 

dy dz 

— = co8aj, and -2 = 6*. 
dx dx 

Substituting these values in (1), we have 

= (3e** + sinaj)^* + (2sinaj + e')cosaj 

= 3 e** -h 6*(sin x + cos a?) + sin 2 x. 

This same result could be obtained by substituting in u the 
values of y and z in terms of x^ and then differentiating. 

2. « = Uar\xy) , and y = c^. Ans. fgl = ^l^X 

3. u = €^{y-'Z)^ y = asina5, and 2 = cosa5. 

[|]=(a«+l)e«8ina,. 

4. t4 = tan~^£-, and aj*-h^ = r^. 

r^l = -.l or - — ^— . 



5. u = sin-, 2 = 6*, and y = oi?» 



6. w = VaJ* + y*, and y = ma5 + c. 
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7. tt = 8in"*(y— 2), y=3aj, and 2 = 4a:?. — = — 

LcteJ Vl -'. 

S, u = arif — 5- + a^, and y = loga?. 



m-^w^ 



xy-^^^]. 



124. Implicit Fonctions. The equation /(a;, y) = indicates 
that either y or a; is an implicit function of the other. It 
represents any equation containing x and y when all its terms 
are in the first member. Implicit functions have been differen- 
tiated heretofore, but the formula in § 125 is often useful in 
obtaining the first derivative of an}' such function. 

126. If w=/(«, y), du = ^dy + ^dx. (1) 

ay dx 

If u is constant^ du = 0, and from {1) we obtain 

du 

dy __ ^ 

dx" du 

dy 

in which — and — a7'e partial derivatives. 
dx dy 

When u is constant, du = d^u + d^u = ; but, in general, 
neither d^u nor d^u is zero. 



Examples. 

1. f-'2x'y-\'bx = 0; find ^. 

dx 

Here ^=-4yx-^b, ^=^Sf^2a^; 
dx dy 



du 
dy __ dx 4yx—b 
' '^"""Stt — Sy^ — 2ar^* 
dy 



\ 
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dx ax — jf 
a* 6* da? \y/ \aj 

^^ ^ ^ dx xy^logx-xj 

5. f{ax-\'hy) — c. 

Here /(oo? + 6y) = c = w ; 

.-. ^ =f{ax + 6y) a, -^ =/'(aaj 4- &y) ^ ; 

dy __ g^ 
* da; 6 

6. af-3r = 0. dy^f^xylogy^ 

dx Qt? — xy log a; 

7. «» + 3(«ry^ y». ^ = _^±M. 

da? y* + oa? 

126. General formulas for the successive derivatives of an 
implicit function can be easily deduced ; but they are so com- 
plicated that, in practice, it is generally more convenient to 
differentiate directly the first derivative to obtain the second, 
and so on, than to use these formulas. 

Examples. 

1. Find ^ when y*-2a^ + c = 0. 
dar 

Here ^ = -iL.. (1) 

dx y — x 



Differentiating ( 1 ) , we have 

daf~ (y — «)' (y — «)' 



x^ 
dx 



(2) 



[32 FTTNCTIONS OF TWO OH MORE VARTABLEa. 
From (1), (2), and the given equation, we obtain 



da;" {y~xy (.'/-a-)' 



2. Given if-'2axy + x 



da" 



(y- 



* (.V-"3!)'j 



O'ff' + j^ — ZaQy^O; bIiow ti 



127, Sncceuive Partial Differentials and DerivatiTes. If 

u=f{x,y), X and y being independent, d^u and d,w are, in 
general, functions of both x and y. DiiTeientiating d,u and d,w • 
with respect to either variable, we obtain a class of second par- 
tial differentials. By differentiating these second partial differ- 
entials, we obtain ii class of third partial differentials ; and so 
on. In Ending lliese siiccesBive partial differentials, we regard 
da: and dy as constant, since we may supi>ose x and y to change 
nniforraly. 

The successive partial differentials arc represented as fo!low8: J 



fK 



'^^- 



iW, 



(Pw 



ilxd'i ; 



dy'dx; 



I Hence "" dxdif is a symbol for the reanlt obtainetl fc 

■ dxdy- 

I ferentiating m =/{«'■, y) three times in succession r firet, 

I with rcsjjcct to a;, and then twice with respect to y. 



\dx J\_ dy\dx J J dxdy 



w ■ 
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The symbols for the partiftl derivatives 

(Pu jPa^ (Pu ^ (Pn 
dx'' clxdy^ dy*' da?' dx^ily' 



If 



d^« 



(fu 



(P« 



For 



tliat is, if a be difftsi-eiUialed m times with respect to x, and n 
times wHk respect to y, the result ia the same, wJuUever be the 
order of the differ entiallons. 

- limit r /(J' + Aa;,?y)-/(ie.y) "l 

Regarding tliis expression as a function of y, fin<liiig its incre- 
ment, dividing by Ay, and rememliering that tlie difference 
hetween the limits of two variables is equal to the liiitit of their 
difference, we have 

dy\dx) 

\ limit r >1:r+Ai.j+aj,)-y(j:,.,+a.^/|-/I.f 
, limit j Ajt^oL ^J 



Mj 



In like 



siionld obtain for the value of 



\dx\dy) 



the 



same expression, except that the order of the limits would be 
reversed ; but, from the nature of the process of passing to a 
limit, it is evident that this change of order docs not affect the 
value of the expression. 




(Pu 



(I) 



(2) 
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Bat, from the principle ia (1), we have 

dx dy\dxj dy dx\dxj' dxdydx da?dy 
From (2) and (3), 



dyd^ da^dy 

This method of veasoning evidently applying to all cases, the ' 
theorem ia established. 



= coe(x + y) ; verify — — =-t— ^■ 
dydx dxdy 



2. « = aY + ay'; 



3. It = log (a; + 1/) ; find tlie first, secoDcl, and third partial 
derivatives. 

4. u = tan ■-'. venfy = ;■ 

X •' dx'dy ilyilx' 

189. To find the successive differenticUa of a function of ttaa 
independent variables. 
Let u =f(x, y) ; then 

d^ = ^dx + ^dy. (1) 



eral, functions of both x and y ; and that, as x and y are in 
pendent, dx and dy may be regarded as constant, we have 
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'is- ■ 



(2) 



Differentiating (2), remembering that, in general, each term 
is a funetion of both x and y ; and that the total differential of 
caeh is the sum of its partial differentials, we obtain 

Differentiating this equation, we obtain an analogous expres- 
sion for d*i(, and so on. 

Bj' observing tbe analogy between the values of iT'u and tPu, 
and the development of the second and third powers of a bino- 
mial, the formula for d"w may be easily written out. 

130. Chaise of the Independent Variable. The forms of the 
'. derivatives of -f used thus far have been obtained 



u|x>n the hypothesis that x is the independent variable, and that 
dx is constant. In applications of the Differential Calculus, it 
is often d(;sirable to change the independent variable, and to 
regard the original funetion, or some other variable, as the inde- 
pendent variable. We proceed to find the forms of the aucces- 
sive derivatives of -^ upon other hypotheses than that dx is 
constant. 



derivatives of^; thnt is, (he form 
dx 

, when neither x nor y is indepen 



131. To find the 
dxl^ds/ dx dxVdxy/ 



^u 



If neither x nor y is independent, ^ is a fraction with a 
able numerator and denominator ; and we have 

dx\_dxl dx' 




m 
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Differentiating (1), we obtain 

A. .Af^y\ — ^ fdxcPy — dycPx\ 
dx dx\dx) dx\ da? ) 

_ {(lhjdx—(]Pxdy)dx—^{dSfdx^d^xdy)d^x .^. 

In like manner, we obtain the other successive derivatives. 

Cor. 1 . If 2/ is independent, that is, if dy is constant, 
cTy = 0, and rf^ = 0, 

and (1) and (2) become 

dM\dx) doi? ' ^ ^ 

and d d fdy\^ Z{d?xydy-d^xdydx .^. 

dx dx\dxj d^ ^ ' 

Cor. 2. If da: is constant, d*x = d'a? = 0, and (1) and (2) 
become 

dx\dxj da? dx dx\dxj da? 

which agrees with § 74. 

Rem. Hence, to transform a differential expression in which 
X is independent, into its equivalent in which neither x nor y is 

independent, we replace — ^, -^, etc., by their equivalents upon 

dor dar 

the new hypothesis, which are found in (1), (2), etc. 

If, in the transformed expression, a new vanable ^, of which 
a; is a function, is to be the independent variable, in the general 
result obtained above we replace a?, da?, d^x^ etc., b}' their values 
in terms of ^ and its differentials. 

If ^ is to be the independent variable, in the given expression 

we replace -^, --^, etc., by then* equivalents in (3) , (4) , etc. ; or, 

in the general result first obtained above, we put d*y = 0, d^y = 0, 
etc. 
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Examples. 

1 . Given ycPy + dj/* -4- da? = 0, in which x is independent, to 
find the transfoimed equation in which neither x nor y is inde- 
pendent ; also the one in which y is independent. 

Dividing both members by das*, substituting for --* the sec- 

ond member of (1), § 131, and multiplying both members by 
da^, we have 

y{cPydx — d^xdy) -f- d7fdx-{- da^ = 0, 
in which neither x nor y is independent. 

Putting dry = 0, and dividing b}' — di^, we have 

V— — — — ^ ■— 
dy^ dt^ dy 

in which the position of dy indicates that y is independent. 

2. Given — 4 ^ — H ^—^ =0, in which x is indepen- 

dar 1 —ardx 1 — ar 

dent, to find the transformed equation when x = cos 0, and ^ is 
independent. 

Substituting for — ^ the second member of (1), we have 

dor 

<Pydx — d!^xdy x dy V =q (\\ 

da? l-x'dx l-a? ' ^ ^ 

Since a? = cos ^, 1 — o^ = sin^^, 

da? = — sin tf d^, and d^x = — cos ^d6^. 

Substituting these values in (1), and simplifying, we have 

d^ ^ ' 
in which $ is independent. 
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i 
in which x is independent, to find 



3. Given i?=" 



_[■ 



the value of R when fl; = pco80, y = pBin0, and is inde- 
pendent. 
From (1), § 131, 

j^^Ad^+M)L^ (1) 

dxd^y '■-dy((^x 

in which neither x nor ^ is independent. 

From y = p sin^, and x — p costf, we obtain 
dy = sin ^dp + p cos^d^, 
da? = cos 6 dp — p sintf d^, 
c22y = sin ^cPp + 2cos^d^dp-psintfcW», 
and cfa; = costfd*p — 2sintfcWdp — pcos^d^. 

Substituting tiiese values in (1), and simplifying, we have 



i? = 



(s^")' 



,2 + 2^'-p^. 



4. Given — ^H ^ + ^ = 0, to find the transformed equa- 

dx^ X dx 

tion when a^ = 4^;, and z is independent. 

d2* da; ^ 

5. Given (l-aj2)^-aj^ = 0, to find the transformed 

dor dx 

equation when x=^ cos 2;, and z is independent. 

Arts. ^ = 0. 
dsr 

6. Given «= — -^""^ — , to find the transformed equation 

ydy + ajcZaj 

when x = p cos ^, 2/ = p sin ^, and p is independent. 

dp 






I 

r 



CHAPTER X. 

» 

TANGENTS, NORMALS, AND ASYMPTOTES. 

132. The Bectangular Equation of the Tangent to any plane 
curve at (a?', y') is 

y-y=^(«-«')- (a) 

For line (a) passes through («', y') ; and, by § 16, it has the 
slope of the curve at (aj', y') . 

dv' 
CoR. When the axes are oblique, -^, is evidenth' the ratio 

of the sines of the angles which the curve at (a?', y') makes with 
the axes ; hence, in this case also, (a) is the equation of the 
tangent. 

133. The Bectangnlar Equation of the Normal to any plane 
curve at (a?', y') is 

For, the axes beiug rectangular, line (b) is perpendicular to 
line (a) of § 132, and therefore to the curve, at (aj', y')» 



Examples. 

1. Find the equations of the tangent and normal to the 
parabola ^ = 2px. 

Here ^=^; .'M=.?-. 
dx y^ ' ' dx' y' 

-^ represents the value of -/ at the point {x', y'), 
dx' dx 
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This value of % subetituted in (a) of § 132, and (b) of 
i 133, gives 

and y-y'=-^(a?-a^), 

as the equations of the tangent and normal respectively. 

Since y'^= 2px\ equation (1) by reduction l)ecomes 
yy'=2>(x-\-x'). 

2. Find the equations of the tangent and normal to the circle 
«* + 3^ = r*. 

v' 

3. Find the equations of the tangent and normal to the 
ellipse ay + Va^ = a*6^. 

Ans. a^yy'-\- b^xx'= a^lr ; y — y'= -^^ (x — x*) . 

4. Find the equations of the tangent and normal to the 
h^'perbola aV — ^^ = — «^^« 

Ans. a^'—b^xx'= — a^b^; y — y'= — ^7(aJ — a?*). 

5. Find the equations of the tangent and normal to the cis- 
soidy^=- . ,, , 

(2a — a5')i 

6. Find the equation of the tangent to^ = 2a^ — a:?ata5 = l. 

Ans. y = ix + i; y = — ia? — i- 

7. Find the equation of the normal toy* = 6a;— 5 aty = 5. 

Ans. y = -|aj + ^. 



LENGTH OP 8UBTANGENT , 



t SCBNOHMAL. 
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8. Find the equation of tlje tangent to the hyperbola referred 

to its asymptotcB, xy = m. , v' 

^ '^ " Ans. y = — ^z + 2y'. 

9. Find the equation, of the tangent to the cycloid 

x^r vers"'-^ - V "2 n/ - y\ Ans. y - y'= -^- -, -— (x - x') . 

131 Length of Snbtangent, Snbnormal, Tangent, and Kormal, 
Let FT be the tangent at the point r 
{«', y') , and ps the normal. Draw the 
ordinate pm ; then tm is called the sub- 
tangent, and MB the subnormal. 



dy' 



Kis.a 



(1) 



■.Bubiiovmal-y'Hy 
dx 








FT^VSi 


' + "■" 


-~r 


.(,, 


^ 


■. tangent = 


/-\|l + 


m 




■. normal = 


»'\|l + 


m- 


H' 


n 



m 



Rem. If the Bubtangent be reckoned from the point t 
(Fig. 34), itod the Bubnomial from m, each will be positive or 
negative according as it extends to the right or left. 



142 



TANGENTS, NORMALS, AND ASYMPTOTES. 



Examples. 

1 . Find tlic values of the subtangent and subnormal of the 
ellipse ay + ^^ = «^^» 



Subt. = y' — ^. = ;?- = ; — ; 

Subn.=y^-, = -— . 



a' 

2. Find the values of the sub tangent and subnormal of the 
parabola, circle, hyperbola, and cissoid. 

Ans, Parabola : subt. = 2 a;' ; 
Circle : subt. = — ^ ; 



Hyperbola : subt. = 



X' 

X'* — a' 



subn. =|). 
subn. = — a?'. 
6*aj' 



a; 



subn. = 



a^ 



'Cissoid : 



subt.=^^(^^-f ; subn. = ^^(^^-^r 

3. Find the value of the subtangent of the logarithmic curve 
y = a'\ al8oofy2 = 3ar^-12ataj=4. ^^^ ^. 3^ 

4. Find the values of the subnormal and normal of the cycloid. 

Subnonnal = ^{2r — y)y = -y/uB • hd = ph = ed. 

Nonnal = pd = v ed^ + ep^ = V2ry. 

Thus the normal passes through the foot of the vertical diam- 
eter of the generating circle, when it is in position for the 
^ point to which the normal 

is drawn. Moreover, since 
DPB is a right angle, the 
tangent passes through the 
other extremity of the ver- 
tical diameter. This prop- 
erty furnishes a simple 
method of drawing a tangent and normal to the cycloid at any 




Fig. 36. 



POIiAK CUBVE8. 
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point. Thus, to draw a tangent and normal at p, put the gen- 
erating circle in position for this point, and draw the vertical 
diameter bd. The lines drawn from b and d through p will 
be respectively the required taugcnt and normal. 

That PB is tangent to the cjcloid at P is further evident ; 
since, when the generating point reaches the position p, it is 
rotating about tlie point d, and is therefore moving in a direc- 
tion perpendifuiai- to tn". 

136. Fundamental Principle in the Kethod of Limits. Let 
a, «i, (8 and fi,, be any four variables, so related tliut 

limit — = 1, limit -^ = 1, and limit ^= c; 

then, since - — '-.Bl=i -1 Bi 

13 /i ,-, (3, y3, «, /3 

limit - = limit— X limit— x liiiiit-^ = limit— ■ 

fl ft «■ /J ft 

Hence, in any problem concerning the limit of the ratio of 
two variables, either may be replaced by any other variable, the 
limit ofichoae ratio to it is unity. 



136. Length of Snbtangent, Subnormal, Tangent, and Normal 
in Polar Curves. Lot ox by ^_^ 

tho jiolar axis, and p any point 
ou the curve mn. Let arc pd 
= is, and OB = 1 ; then arc 
BE = A9, arc FX — pAe, and 
MD = Ap. Draw tite chords pm 
and PD, the tangent rz, and 
PH perpendiculai', and zii par- 
allel, to OP, thus forming the 
right triangle pzh ; tLeu 



- "[chord P)iJ 



1, §48. 
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= 1. 



§ 135. 



^^ limit r A5 1 ^ 

A8 = l^ehord Pi>J 

. limit rpA^ "[__ limit fchord Pm "] 
• '^^^^L As J ^« = 0[cboi-dPDj' 

„ n^ limit ("Ap"! _ limit r MP 1 

Atf - [as J ~ Atf = O[ciiord pdJ 

The limit of angle mpd is evidently hpz ; and, in the isosceles 
triangle pom, the limit of angle pom being zero, the limit of 
PMO or its supplement pmd is a right angle. Hence the angles 
of the triangle iipz are the limits of the angles of the triangle 
MPD. Therefore the ratios of the sides of the tnangle hpz 
equal the limits of the ratios of p Ad, As, and Ap. Hence these 
sides may be taken aa pdO^ ds, and dp. 

Draw OT perpendicular to op, and produce it until it meets 
the tangent in t. Draw also the normal pa, and the perpen- 
dicular ON upon the tangent. The lengths pt and pa are called 
respectively the polar tangent and polar normal; oa is the polar 
subnormal^ and ot the polar subtangent, 

HP pdO . . 

tan OPT = tan Hzp = — =-t-' (1) 

uz dp 

HP pdO ,«v 

sm OPT = sin HZP = — = — r— k^j 

ZP 0/8 

From triangle hpz, 

d^ = dp^ -^ p^dff". (3) 

. 2d0 

OT = OP tan OPT = p^ — ; 

dp 

dO 
,\ polar subtangent = p^ — (4) 

dp 

OA = OP tan opa = op cot opt = -^ ; 

dO 

,\ polar subnormal = -^- (5) 

^ dO ^ ^ 



PT= Vop +OT = yjp -^ P Jl'^ 



POLAfi 0UBVH8. 
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.-. poUr tangent = p -^1 + p'|^ 


(6) 






"-^»+"H''+S^ 




...p„.„ normal. ^p.+|-;. 


(') 


0.7 or cm on ■* O™ 


(8) 


rfs V/dS' + df,^ 



137. That the sides of the triangle pzh (Fig. 36) may be 
taken as ds, dp, and pdB can be proved also as follows : 

"When the generatrix of tlie curve is at p, the radiuB vector 
is increasing in length in the du-ection of tr, and the extremity 
of the radius vector drawn to p is moving in the direction of pb, 
at the rates at which the generatrix is then moving in these 
directions. If, at f, the motion of the generatrix became uni- 
form along the tangent pz, it is evident that any simultaneous 
increments of its distances from f and lines pu and or niay 
be taken as ds, dp, and tlie differential of tlie arc traced by the 
extremity of the radius vector to p, which equals pd$; for, 
if OB =i 1 , B describes the measuring arc of the variable angle fl, 
and p is moving, as op revolves, p times as fast as b. Hence 
eii = pd6, and uz = dp, if pz = ds. 



1. Find the subtangent, subnormal, tangent, normal, and^, 
or the length of the perpendicular from the pole to the tangent, 
of the spiral of Archimedes p = a$. 



Bubtangeiit = p^ — = 




J 
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tangent = p^l ^ p^—z= p^\ -^ B.; 



normal = Vp* + tt* ; P= — 



_ P' 



2. Find the subtangent, subnormal, tangent, and normal of 
the logarithmic spiral p = a*. 

Ana. subt. = — ^ ; subn. = p log a ; 

log a 

tan.=p^l4-— ^; nor.=pVl4-(loga)^ 

Since tan opt =^ — = , this curve makes the same angle 

dp log a 

with every radius vector, and therefore is called the efjuiangular 

spiral. 



IT 



If a = e, tan opt = 1, opt = -, subtangent = subnormal, and 
tangent = normal. 



3. Find the subtangent, subnormal, and p of the lemniscate 
of Bernouilli p^ = a^cos 2 0. 

Ans, subt. = — — - — ; subn. = sin 2 ; 

a^8in2^ p 



P = 



I = £?. 



Vf>* + a'8iu22^ a 



].■■■-■ 

Rectilinear As3rEnptotes. 

138. A Bectilinear Asymptote is a straight line that has the 
limiting position of the tangent to an infinite branch of a curve. 
If a curve has no infinite branch, it evidently can have no 
asymptote. 

If X and Y represent the intercepts of a tangent on the axes 
of X and y respectively, from the equation of the tangent to 
any plane curve 



ASYMPTOTES. 147 

we obtain X = x'—y'---i (1) 

dy' 

and r=y-ic'^. (2) 

Cue 

Now if, as the point of contact («', y') moves out along an 
infinite branch, the value of X or Y or the values of both 
approach finite limits, it is evident that these limits will be the 
intercepts on the axes of an asymptote to that branch of the 
curve. 

Examples. 

1. Examine r^=GaP-^a^ for asymptotes. 
Solving for y, we have 

As a; = 00,* y = qd ; and, asa5= — oo, 2^= — oo. 

Hence the curve has two infinite branches, one in the first 
angle and another in the third. 

X = a' - --^ — - = - —I- = - 2 as a' = ± ex ; 

x' 

T^= y ^ — = 77 Tg = 2 as a' = ± 00. 

*ar = rtas_y=OD is read "ar approaches a as its limit as y approaches 
infinity, or increases without limit." A yariable cannot approach infinity 

as its limit. For example, if y = -, and ar= 0, y does not approach infinity 

as its limit ; for, when x is infinitely near 0, y is infinitely large ; but it 
doubles its value while x decreases by half its own value. Hence, as or = 0, 
the difference between oo and y must always be many times as great as y, 
however great y may become. 
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Therefore, the line y = aj 4- 2, whose intercepts on the axes of 
X and y are respectively —2 and 2, is an asymptote to each 
branch. 

2. Examine the conic sections for asymptotes. 

Neither the circle nor the ellipse can have an asymptote, since 
neither has an infmite branch. 

The parabola has two infinite branches, one in the first angle 
and another in the fourth. 

Here X = x* = — 05'= — oo as a;'= oo ; 

P 



and F=y'— ^ = ^=00 asaj' = oo. 



px' y' , 

y' 

Hence the parabola has no asymptote. 

The hyperbola has four infmite branches, one in each angle. 
In this curve 

X = aj'- ^' = — = ± as aj'= ±00 ; 
b^x' x' 

r = y-i^ = --^ = ±Oasa:'ory'=±oo. 
cry' y' 

Hence the asymptote to each branch passes through the ori- 
gin. To determine the direction of these asymptotes, we have 

dy' b^x' , b ' , b r . . _ 

-f-, = -— - = ± = = ± — as a;' = ± 00. 

\ x'' 

h^x' 

Since -y-^ is positive for any point in the first or third angle, 

" b 

and negative for any point in the second or fourth, y=:-x is 

the asymptote to the branches in the first and the third angle, and 
y = a; to those in the second and the fourth. These asymp- 
totes are evidently the produced diagonals of the rectangle on 
the axes. 

3. Prove thaty = — x is an asymptote to each of the two 
infinite branches of y^ = a^ — a^. 
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4. Show tliat y- = oa^ has no aBymptotes. 

139. Asymptotes Setennined by Inapeotion or ExpansioiL 

From the dclinition of an asymptote, it follows tliat it is a line 
which an infinite branch of u curve approaches indefiuiti;ly 
near, but never reaches. From this view of asymptotes, wo 
can often dcteiinino their equations by inspectrng tlie equation 
of the curve, or expanding one of its memhers. Thus, in the 
cissoid 



Whence, x=2a is an asymptote to the two infinite branches of 
the curve ; for tliey approach indefinitely near, but never reach, 
this line. 

la X — log„y, or y = a', a; = — oo as y = 0. The axis of x is 
therefore an asymptote to the infinite branch in the second 
angle. 

Again, the equation ary — oy— Sa-^O may be put in t!ip 



from wliich we know that 3:^= « and j/ = i each ia an asymptote 
to two infinite branches. 

The method of examining a curve for asymptotes by solving 
its equation for y, and then developing the second member in 
descending powers of x, by Maclaurin's formula or some other 
means, will be illustrated by a few examples.* 



" The following is a brief view of another mclhod of cxa 




urve 


for aBymptotes. For a fuller treatment, suu Williamaon 


8 ujr^r 


Mini 


CaleuluK, page 240. 






Let the equation of a right line be 






y = ^+w; 




(1) 


that of a curve of the iitli dogret, 






/(i,ff) = 0; 




(2) 


that obtained by Bubstitnting ui + i' for g in (2), 






^H = o. 




(3) 
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Examples. 

1 . Elxamine x* — 07/* -f- atr = for asymptotes. 

"- .«=*'fe)'=*'('-jr 






From the first form of the value of y, z = a is evidently an 
asymptote to two branches of the eun-e that lie to the right of it. 
From the last form we see that two branches of the curve ap- 
proach infinitely near each of the lines y = ± a? ± -, as a? = ± 00. 

The cun-e therefore has three asymptotes, each of which is 
asymptotic to two infinite branches. 



Equation (o) is evidently of the nth deg^ree, and its n roots are the 
abscissas of the n real or imaginarr intersections of (1) and (2). If two 
roots of (3) be equal, two points of intersection of (1^ and (2) will coincide, 
and, in general, (1 ) will be a tangent to (2). From Algebra, we know that, 
as the coefficients of r" and jr"-^ approach zero as a limit, two roots of (3) 
increase without limit. Hence, if ft and r in (1) have sach values as ren- 
der these coefficients 0, (1) has the limiting position of a tangent to an 
infinite branch, or is an asymptote. 

For example, let the curve be 

y»=ax2 + a:». (1) 

Substituting /ix + r for y, and arranging the terms, we have 

(/i«-l):t*+(3At2y-a)jra + 3/xj^x+K» = 0. (2) 

Two roots of (2) become oc, when /*• — 1 — 0, and 3/i*r— rt=0; that is, 
when /i = 1, and v = \a. Hence, y = x+Jaisan asymptote to (1). 

From the theory of equations, and this theory of asymptotes, the fol- 
lowing are obvious conclusions : 

(a) Any asymptote or tangent to a curve of the third degree intersects 
the curve in one, and only one, point. 

(6) Any asymptote or tangent to a curve of the nth degree cannot meet 
it in more than n — 2 points, exclusive of the point of contact. 



1 ASYMPTOTES TO tOLAR CUBVia. IS^^^^H 


1 2. Examine y' = 3^^^^ (or asymptotes. ^H 


[_ --('-l)'(-r J 


■ -K'-i-)('-i-) ]■ 


W~ -<.-i.-) ^H 


Hence jr — ± x are the two asymptotes. ^^^^^^^| 


3. Examine y' — ox' — x' for asvmptott's. ^^^^^^B 


4. Examine V = c-\ — — for asymptotes. H 


{x-by H 


yl«s. »/ = (■, and X = 6. H 


fi. Examine if — ^ +.'•'- for asympt^itA^s. ^| 


^Ijrs. »; = ,., im<]!,= ±(j: + a). H 


140. Asymptotes to Polar Carves. If, asfl = e', /i^w, and ■ 


tlie Bubtangent od = oa, it is evident that su, 


which is parallel to Om, is an asymptote to the " 


/' 


infinite branch PK. Hence, to examine a polar / 


curye for asymptotes, we flod from its eqna- / / 


'" 


tion the yalues of Q whieh make p= ±o=. If / A 




tlie corresponding value of the aubtangent is //^/ 


\^ 


finite, the line parallel to the infinite radius o '^Zj' 




vector, and passing through tbe extremity of \ ^ 




the limitiag subtangent, is an asymptote. \ 




ExAMPLKS. Fig. ST. 


1. Examine the hyperbolic spiral pO = a for asymptotes. ^| 


Herep = -; hence, when fl = 0, p^-^, and snbtaiigent = — a. ^M 


The curve therefore baa an asymptote parallel to the initial line, 


and at the distance a above it. 
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2. Examine p cob = a cob 2 $ for asymptotes. 

Here p = r— ; hence, when d = - , p = ± oo, and subtaii- 

cosO 2 

gent = — o. 

The line perpendicular to the initial line at the distance a to 
the left of the pole is therefore an asymptote to two infinite 
branches. 

3 . Examine p' cos ^ = a' sin 3 ^ for asymptotes. 

Ans. The perpendicular to the initial line at the origin is an 
asymptote. 

4. Show that the initial line is an asymptote to the lituus 
pV$ = a. 



Miscellaneous Examples. 

1. At what angle does y* = lOx intersect a* -f y* = 144 ? 

Ans. 71^0' 58". 



2. Find the subnonnal of the curve ^= 2a* logo;. 



Ans, — • 

X 



3. Find the equation of the tangent to the curve 

ic^C* + y) = «*(a? — y) at the origin. 

Ans. y = x, 

4. Find at what angle the curve y^=2ax cuts the curve 
a^ — 3axy-}-^ = 0, 

Ans. cot~^V4. 

5. Find the normal, subnormal, tangent, and subtangent of 

Z X 

the catenary y = - (e" -f e ») . 

Sac _£« « 

Ans. Subn. =~(e"— e "): norm. = ^- 
♦ 4^ ^ a 

Bubt. = ^^ ; tan.= ^ - » 

^y^ — a^ Vy*—a^ 



6. Find the subtangent of the curve y* = 
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aj8 



a — x 

A 2x(a — x) 
3a — 2a; 



7. Examine y^ (a? — 2a) = o^ — a* for asymptotes. 

Ans. a? = 2a ; y = ±(a? + a). 

8. Examine y(p? — a?)z=z 6*(2 x + e) for asymptotes. 

Ans. y = 0; a?4-a = 0; x = a. 

9. Examine for asymptotes the folium of Descartes, 

05^4-2^ — 3 afljy = 0. 

Ans. y^ — x — a. 

10. Examine (y* — l)y = (a* — 4)aj for asymptotes. 

^n«. y = x. 

1 1 . Examine y^ = — ^ ~ ^^ ~ — ^ for asymptotes. 

0/ — 2aa; 

Ans. x=2a; x = 0; y—±a, 

12. Examine the hyperbola p = — ^ '— for asymptotes. 

e cos $—\ 

13. Find the length of the perpendicular from the pole upon 
the tangent to the lituus p V^ = a. a _ 2a^p 

Vp*4-4a* 

14. In the hypocycloid ccl + 2^i = at, prove that the portion 
of the tangent intercepted between the axes equals a. 

15. Give the different methods of drawing a tangent to any 
plane curve at a given point. 




DIKECTION OF ClIEVATVRE. fSINGULAB POISTS, AND CURVE 

TRACINO. 

14L Biiection of Curvatore. A curve ia concave upward or 

downward at any point, according aa in the immediate vicinity 

^ of tlmt point it lies above or below the tangent 

at tliat point. 

Wlien a curve, na tib, ia concave upward, it 

is evident that — , the slope of the curve, in- 

'''" flhi 

creases as x increases ; hence, —^ , tlie deriva- 

Fig.38. live of -^1 is positive (§ 72). When a curve, 

ns cd, is concave dowaward, -^ decreases aa x increases, and 

-2 is negative, 
rfar 

Hence, the curve y = f (x) (s concave upward or doumtoard, 

at any point (x, y) , according us — ^ is jmnitim or negative. 
In the polar system, a curve is said to be concave or convex 

toward the pole at any point according aa in the immediate 
vicinity of that jjoint it lies on tiie same 
side of the tangent as the pole, or on the 
opposite side. Fwrn tlie figure, it is 
evident that, when the cuiTe is concave 
toward the i>ole, p or Od increases as p 
increases, aud -~ is jxjsitive (§ Sl^. 
When the curve is convex t<)ward the 
D pole, » decreases as p increases, and -f- 

[Tg SB ■ ,- ^1" 

*■ IS negative. 

Hence, a polar curve is concnee or convex toward the pole 
according as — ^ is jwjrftiue or negative. 
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When the equation of the curve is given in terms of p and ^, 
we find jj in terms of p by use of (8) of § 136. 



Examples. 

1 . Find the direction of curvature ofy = aj^ + 2a;-|-5. 

Here — ^ = 2 ; hence the curve is concave upward. 
dor 

2. Find the direction of curvature of y = a -f c(a; -f- 6)^. 

dPv 
Here --^= 6c(a5 -f 6) ; hence the curve is concave upward or 

dor 
downward at (oj, y) , according as a; > or < — 6. 

3. Find the direction of curvature ofy = aj' — 3ar* — Ooj-fO. 
Arts. Concave upward or downward according as aj > or < 1 . 

4. Find the direction of curvature of a; = log„y, and y = sin a;. 

5. Find the direction of curvatiu-e of the lituus p^O = aJ^. 

Here ^= ^= ^• 

"^^ dO 2pO 2 a'' 

.'.p = -T=L= = -1^ ; § 136, (8) 

V ^ d(^ 

. dp^ 2aH4a^^p*) 
"dp (4a*+p*)i * 

Hence this spiral is concave or convex toward the pole at (d, p) 
according as p < or > a V2. 



p = a^. 



6. Find the direction of curvature of the logarithmic spiral 

Here p = — ^ — ; .'•^ = — - * 

VI + (loga)=^ (^P Vl + (loga)2 

Hence the curve is concave toward the pole. 



142. 

second, 
Fointi. 



BISGITLAB POINTS. 

Sineulsr Points. 
Singnlar Points of h curve aie those which have some 
■ pnipertv- Sudi [wints are : first, Points of Inflexion; 
Multiple Points ; third. Conjugate Points; fourth, E 

, Points of Infleuon A point of itifiexion is a point at 

a curvQ changes its direction of curvature. Hcdcc i- 

tangent at a point of inflexion interBects 

the curve. Thus the tangent at p, a point 

of inSexion, cuta the curve at p. 

At a point of inflexion on y=f(x) 



I 




UnLTIPLB POINTS. 



Thcrjotsof ^=-_j8m- = OareO,n,r, 2a,r, 3tt,r, etc. Ab 

X passes through each of Uiese values, -J changes its sign; hence 
0, aw, 2 air, Sojt, etc., are abscissaB of points of inflexion. 

3. Examine the witch of AgDesti, a?y = 4a'{2a — y), for 

points of inflexiou. , . r- a •. 

' Ans. (±5aV3' f«)- 

4. Examine y = _- for points of inflexion. 

Ana. (0,0), (a VS, f u V3), and (-aV3, -faVS). 

144. To test curves given by their poiar eqvations for points 

of inflexion, we find the roots of -£i=:0 or ao. If -i. changes 

its sign as p passes through any one of these critical values, 

this value ia the radius vector of a point of inflexion,* Thus, 

in tiie lituus, (28° 38', aV^) is a point of inflexion; for -i. 

dp 
dp 
changes its sign as p passes through a V2, the root of " 

(See§ 141, Ex. 5.) 

Multiple Points. 

146. A Multiple Foist is one through which two or more 
branches of a curve 
pass, or at which 
they meet. A mul- 
tiple point is double 
when there are only 
two branches, triple 
when only three, and 
soon. "s. "■ 

A multiple point at which the branches intersect (Fig. a) 
called a Uultiple Point of Intersection. 



' dp- 




-<^ 



&INGCLAB POINTS. 

A multiple jKiiiit througli whiuli two branches paes, and at 
tvhich the} arc tangent (Fige. b, c} is an Osonl&ting Point 

A miilti]»le jKjiut at wLifh two bmnchi^s terminate, and are 
tangent (Pigs- rf, >■) is a Ciup. A cusp or oseiilaling point is 
said to lit, iif the firel or the second species, according as the 
two branches arc on opposite sides (Figs, b, d) or the same side 
(P"igB. c, e) oF their common tangent. 

A Coojogate Point is ooe that is entirely isolated from the 
rest of the real locua. Hence, in an algebraic curve, a conja- 
gate point is a multiple point formed by the iutersection or 
meeting, in the plane of the axes, of imaginary branches ; that 
is, of branches lying outside of the plane of the axes. Siuee 
an odd nnmbcr of rools of an algebraic equation cannot be 
imaginary, an even number of imaginary branches must inter- 
sect or touch in a conjugate point of an algebraic cuitc. 



n above, it follows that, at a 
must have two or more uo- 



146. From the delinitions ^ 

multiple point of intersection, 

equal real values ; that, at a point of oscidatioQ or a cusp it ' 

must have two equal real values ; that, at a coLijugate poiut on 

an algebraic curve, it must have two or more values which jire 

imaginai'y, unless the tangents to the imaginary branches at the 

conjugate point lie in the plane of the axes. 

Hcnco at any multiple point -^ has two or more values. 
dx 

147. Tjf f(x,y)^u = be tite algebraic equaiion, of a curve 
freed fi-om radicals and fractions, at any multiple point upon the 



For, at any multiple point, — , or the ratio of — to — , must 
dx d.c (hj 

have two or more values (g 140). But, from the form of the 




MUI/TIPLE POIHTB. 



,<i^,. 



leither ^ nor ^ 
; hcDce their ratio cau have two or more 



159 
contain radicals or 



equation of the c 

fiactioDB ; hence their ratio cau have two or more vahies for the 
same values of x and y, only when it osBumes tiie inde terminate 
orm-. 



148. Ezamination of a Curve for Multiple Points. To e 
a curve for multiple points, put its equation in the required form 
y(x, y) = u = 0, and find the seta of values of x and y that will 

satisfy the equations — = and — ■ = 0. Of theae sets, those 

dx ay 

which satisfy the equation of the curve give the points to be 
examined. 



Let (a/, y') be one of these points ; then 
(In 



dx' 



(hi o' 



which ia evaluated according to the method of § 83. 

I. If -^ has two or more unequal real values, (x', )/') is i 

dx' 
general a multiple point of iiiterseclion. 

II. If -^ has two equal real values, (j;', y') is in gencri 

dx' 
either an osculating point or a cusp. 



: imaginary, (x',y') is t 



in. If all the values of 

Jugaie point. 

The following considerations enable ua to discover : 
exactly the nature of these points : 

In Case I., if the values of w or -2 are real for x = x 

dx 

anda! = a;'+/i, fi being very small, (a;', y') is a multiple point of 

intersection ; if real for neither, (x', y') is a conjugate point at 

which the imaginary branches are parallel to the plane of the 



i 

J 



SINGULAR P0IHT8. 



In Case II., if the vnlues of w or -2 are real for x==x'~h 
dx 
and x = x'-]-/i, (x',y') is a point of osculation ; if re.ol for only 
one of these values of a;, (j;', y') ia a cusp ; if real for neither, 
{x', J/') is a conjugate point. 

In some curves, and especially when -^= a>, it ia better to 

dx 
inspect the values of a; or — for y = y'—h and y^y'+A. 

To determine the species of a cusp or point of osculation, 
find '^, and (x*, y') will be of the first- or tbe second species, 
according as the two values of — ^ liave opposite signs or the 
same sign. Or we may com|)arc the ortlinatcs 
adjacent corresponding points oo the branches and 
common tangent.* 



• Tlie following is u \>Tivi i\v 
for mulKpIe points. For a fuUi 
Calculut or Salmon's fl/jAer Pla 

Let the equAtiuD of a curre of ilie nth degree be 
/Kj) = 0; 
that of a right line throngh the origin, 

that obtained by Bobetiluting ^ fur y in (1), 



I their M 



mclhod of examining 

Bee Witliameon's Differentid 



(3) 



If (1) contains no constant lerm, its Iokub evidently paMes through the 
origin. If (1) contains no constant term nor any term of the first degree, 
two roots of (3) are 0. Honcp two points nf intersection of (I) and (2) are 
at the origin; and the origin is a double point. If, in addition, (1) con- 
taini no term of the second degree, three roots of (3) are 0, and the origin 
is a triple point. 

Hence, when the origin is a multiple point, this fact is evident from the 
equation of tlic corve. To examine a curve for multiple points not at the 
origin, ehange the reference of the locus to new parallel axes, using the 
formulas x=m + Xi, and i( = n + j,. If in and n 



the resulting equation will contain i 
first degree in x^ or yj, (m, n). or the 
and n can he so determined that the i 



determined that 
nor any term of the 
a double point. 
il! contain no em 






EXAMPLES. 161 



Examples. 



1. Examine au* + aoi^y — ay^ = for multiple points. 

Here u = a^ -^ aa^ — ay^ = ; (1) 



.•.^* = 4ar' + 2aaj^, and — = aa^-3av2; 
ax dy 

, dy 4:01? + 2axy 



(2) 



dx Say^ — aa? 

Placing the partial derivatives equal to zero, we have 

x(2a?-\-ay)=:0, (3) 

and oi? — Sf=0. (4) 

Solving (3) and (4), we obtain the following three sets of 
values for x and y, 

aj = 0, iaV3, and — |aV3, 

y = 0, — i<^9 and — ^a. 

Only the first set of values will satisfy (1) ; and (0, 0) is the 
only point to be examined. From (2) we have 

m = y + '^^ 1 =Oand±l. §83. 

Hence the origin is a triple point at which the inclinations of 
the branches are respectively 0, J^tt, and f tt. 

From (1), 

x=±^j-iay±iy■^/Ia^~+^. (5) 

From (5) , we see that four values of x are real when y= — A, 
and two when y= -i-h; hence each of the three branches passes 

term nor any of the first or second degree in x^ or ^j, {m, n) is a triple 
point. 

From this method, it is evident that a curve of the third degree can 
have only one multiple point ; one of the fourth degree, only two double 
points or one triple point ; one of the fifth degree, only two double points 
or one triple and one double point. 
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through the origin, which is therefore a triple point of inter- 
section. The general form of the cun^e at the origin is shown 

in Fig. a on page 157. 

2. Examine y* = si? (a*— «?) for mul- 
tiple points. 
Ans. (0, 0), Fig. 42, is a double 

^ ,^ ix)int of intersection ; — = ± a. 

3- Examine ar' — 3 axy 4- y* = for multiple points. 

Ans, (0, 0) is a double point of intersection ; -^ = and 00. 

4. Examine ^r («' — ar) = ai^ for multiple points. 




^"1 , 



±0, 



and from its equation we see that the curve extends through the 
origin, and is symmetrical with respect to the axis of x; hence 
the origin is a point of osculation of the first species. 

5. Examine y^ = a^j? for multiple points. 






and from its equation we see that the curve consists of two 
branches symmetrical with respect to the axis of a;, and extend- 
ing from the origin to the right ; hence the origin is a cusp 
of the first species, the common tangent being the axis of x 
(Fig. 43). 

6. Examine j^ = axr — a^ for multiple points. 

Here (0,0) is the only critical point. — =±00, and 

7/ = (aa^ — ar*) i shows that there is a branch on each side of the 
axis of y, neither of which extends below the origin, which is 
therefore a cusp of the first species. 

7. Examine y^ = x(x-\- ay for multiple points. 



Here ( — 
hence 



3 (— a, 0) is the critical point, and — = ±V--a; 
(—a, 0) is a conjugate point. J-««t» 



OUBTB TBAOINQ. 

8. Examine aPy^ — 2 ab3?y — of = for aingwlar points. 
Here (0, 0) is the critical point, and - '^ = + 0. 
When x = + K 

;/ = — ±-U ^ — , 

n which botli the values of y itie real, one greater auil the other 
ess than 0. 
When a: = - 7(, 



y = —^±y\ , 

IV \ a* 



in which both the values of y are veal and greater than when 
h ia small. 

Hence the origin is a point of osculation, and a point of in- 
flexion on one branch. 



149. A mnltiple point at which two or more brnnehes termi- 
nate, and have diflferent tangents, \s a Shooting Point A Stop 
Point is a point at which a single brjineh of a curve teiiniuates. 

From the law of imaginarj- roots of algebraic equations, 
ueither a shooting point nor a stop point can occur on an alge- 
braic curve. 

150. Cttrve Tracing. The moat rudimentary method of trac- 
ing a curve is to liud from its equation such a number of its 
points tbat, when located, these points will clearly indicate the 
form of the curve, 

This method is laborious ; and our present object is to utilize 
the principles heretofore developed to determine directly from 
its equation the general foi-ra of a curve, esijecially at aiieh points 
as pi'eseut any peculiarity, so that the curve may be traced with- 
out the labor of the first method. 

To (race a curve from its rectilinear equation, the followiug 
general du'ectione will be found useful. 

Solve its equation for y or x, and determine any lines or points 
frith respect to which the curve is symmetrical. 




i 



1G4 CURVE TRACIKa. 

Find the points at which the curve cuts the axes, and deter- 
mine its limits and infinite branches. 

Determine the ix>sitions of its asymptotes, and on which side 
of each the infinite branches lie. 

Find its maxima and minima ordinates, and the angles at 
which it cuts the axes. 

Determine its direction of curvature, points of inflexion, and 
multiple points. 

Examples. 

1. Trace the curve whose equation is y^ = a^a^. 

Here y=± aa??, and the curve is symmetrical with respect to 
the axis of x. 

When a; = 0, y = 0, and the curve meets the axes at (0, 0). 

When a; < 0, y is imaginary ; but when a? > 0, ^ is real. Hence 
Y ^ there is one infinite branch in the firat angle, 

and another in the fourth. 

dy 3 a^Qc^ , 3 aaA . , 

-^ = = ± = 00 when a; = oo ; 

dx 2y 2 

hence the curve has no asymptote. 

dx 2y '■ ' -" 




but ^"1 = ± ^ = ± 0, 



Hence the two symmetrical branches terminating at the origin 

are tangent to tlie axis of x at that point, and the origin is a 

cusp of the first species. 

d^v 3 a 

Since — ^ = ± — -z , the upper branch is concave upward, and 

dor 4Va; 
the lower one concave downward. The form of the curve is 
shown in Fig. 43. 

2. Trace the curve ^ = 2 aa^ — a^. 

Here 2/ = (2 ax^ — a^) i. 

For 2/ = 0, a; = and 2 a ; hence the curve cuts the axis of x 
at the origin, and 2a at the right of it. 
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For each real value of x, y has one, and only one, real value, 
which is + or — according as a; < or > 2 a. Hence there is 
one infinite branch in the second angle and another in the 
fourth. 

To find the equation of the asymptote, we have 

when X is numericallj' greater than 2 a. 

Hence the equation of the asymptote to each infinite branch is 

y = -« + |a. (2) 

From (1) and (2), it is evident that the infinite branches lie 
between the asymptote and the axis of x, 

^ = ^^"^^ = Owhen a: = |a; 
dx ^f ^ 



/. (2aa,-2-aj8)*]|a, or |aV4, 
is a maximum ordinate. 

hence the carve is perpendicular to the axis of x at (2 a, 0). 
^ = ^^^-,^^ = 2,whena^ = y = 0. 

By evaluating we find that 



^Jo.o 



dx 



hence, as the curve does not extend below the axis of a; to the 
left of 35 = 2 a, and y has one, and but one, real value for each 
value of a;, the origin is a cusp of the first species, the two 
branches being tangent to the axis of y. 
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CURVE TRACING. 



da? 
which is + or 



-8a« 




9ici(2a-aj)l' 

, according as aj > or < 2a ; hence (2a, 0) is 

a point of inflexion, to the right 
of which the curve is concave 
upward, and to the left down- 
ward. The form of the cxxtxq 
is given in Fig. 44. 



Fig. 44. 



3. Trace the curve 

^(o^ — a*) = iB*. 

Since its equation involves 
only even powers of x and y^ 
the curve is symmetrical with 
respect to each axis. Hence, if 
we determine the part of the locus that is in the first angle, 
the s}Tnmetry of the curve will give us the other three parts. 

Solving for y, we have 

When aj = 0, y = ; but, for other values of x between —a 
and + a, y is imaginary ; hence (0, 0) is a conjugate point, and 
the locus in the first angle lies to the right of x= a. 

As oj = a from a value greater than a, y = cx> ; hence there is 
one infinite branch in the first angle to which a? = a is the asymp- 
tote. When a? = oo, y == 00 ; and there is a second infinite branch 
in the first angle. 

To find the equation of the other asymptote, we have 



y = ± 



X 



(-5) 



=z±xf 



1 + — ,+ 

2a^ 



■) 



when X is numerically greater than a ; hence y = a; is the equa- 
tion of the other asymptote. 
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1 Evidentiy the curve lies above this asj'niptote. Heuci; tbo H 
branch in the first angle lies above y = x, and to the right of H 








[/ 1 


when /=2a^, or ic = ± n V2 ; ^ 
lience 2 a ia a minimum ordi- 


\ 


vL 


1 


nate. 


7 


\ 


■ 


In the first angle, / 

d3? (^-a^)i /y—^ 


/ 


\ 


X 


As this is -f- when x>a, this ^«- «■ " H 
branch in the first angle is concave upward. The form of the ^| 
curve ia given in Fig. 45. H 


4. Trace the curved + -^=1' 1 

The carve cuts the axia of x at (a, 0) and the axis of y at f 
(0,6). There is one infinite branch in the second angle and 


another in the fourth. y = a; ia the equation of the asj-mp- 


tote, which lies below the infinite branches. The c 
cave upward, except between a; = and 
X = a, where it is concave downward. 
(0, h) and (a, 0) are points of inflexion. 


rve ia 

/ 




5. Trace the curve y = ^-^. 

The curve has one iofinite branch in the 
fii'st angle and another in the third, to each 
of which the axia of x ia an aaymptote. 

ordinate. (0, 0), {- V3, -iVS), and 
(V3, iV3) are points of inflexion. The 
inclination of the curve at the origin ia ^tt. 


r'^-v 


/ 

/ 






\ 

g.*a. 




6. Trace the curve !f' = a^'-"t-^. For the form of the curve, 
see Fig. 46. """^ 

Ml. iA 



CimVB TBACDia. 

101 Tncing PoIat CnrrM. When i>o6sibIc, write the equa- 
tion in the form p =f(6) . Solve /($) = to Hud the angles at 
wliicb the curve oiiU the polar axU at tlie [kole. Assign to B 
sack |x>sitire anil negative values as make p ea«l)' fonnd. 
Solve -^ = to Gnd the values of for which p is a tnaximam 

or minitnam, and for which the curve is perpendicular to the 
radius vector. Examine the cnrve for aflymptotes, direclJoD of 
curvature, and points of ioilesioa. The facts thus obtained will 
indieat« the form of the curve. 



1. Trace the curve p 



nStf. 



Since p = aem36, p reaches its maximnin value a when 
sin 30= 1 ; that is, when fl = Jn-, ^ir, Sir, etc.; and preaches 
its ininiraum —a when 6iu3B = ~li that is, when $ = ^v, f x-, 
V"-. etc- 

Since^ = 3a cos 30, p increases fVom to a, while tf in- 
creases from to -J IT ; p decreases from a to 
— a, while increases from ^n- to ^t; p 
increases from — a to +a, while 6 increases 
from J IT to I JT ; and p decreases from a to 
0, while 6 increases from Jsr to n-. Further 
revolution of the radius vector in either 
Fig*'. direction would evidently retrace the three 

loops already found. The curve is that represeuted iu Fig. 47. 

2. Trace the curve p = a sin 20. 

The curve consists of four loops. From this and the previous 
example, we infer that the locus of p = a3inn^ consists of n 
loops when n is odd, and 2» loops when n is even. 




Trace p = a siu — 
Trace p = a cos 6 



4. Trace the Utuus p = 



Vfl 



- h, iu which a>b. 
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Miscellaneous Examples. 

1. Examine oJ* — am^ — a^ = for multiple points. 

The origin, a triple point, is a cusp of the first species, through 
which a branch of the curve passes. 

2. Examine a/si? + 6^ — c = for points of inflexion. 

3. Prove that (0, 0) is a multiple point of intersection on the 
curve «* — afocy + Ih^ = 0. 

4. Examine a?* — cfo? + c^y = for points of inflexion. 

Ans. -— :, — , and -, — • 

We 36/ \ V6 36/ 

5. Examine ar^ — aj^ — 6aj^ = f or multiple points. 

6. Examine aj/* — o^ + 6ar^ = for multiple points. 

Ans. (0, 0) is a conjugate point. 

/jj3 .^ ^8 

7. Trace the curve v* = -— 

8. Trace the folium of Descartes ^ — 3 axy + o^ = 0. 

9. Trace {y — x^y^^al^. 

10. Trace t^(x — a) = a^. 

1 1 . Trace p cosO = a cos 20, 



CHAPTER XIT. 

CITHTATITBE, ETOLtTES, EKTELOI'ES, AND OKDER OF 
COKTACT. 

152. If ^ represcDt the inclination of any cnrve ab referred 
to rectangular axes, then <^ will measure the direction of tlic 
J curve with respect to the axia of x. At the 

point F, <f> = angle xor ; and at p', <^ = xmp' ; 
hence angle fr« = ii^, if arc fp'= As, a repre- 
senting the length of the curve. 

1S3. The Cnrratnre of a curve at any point 
Is the rate of change of its direction relative 
Fig. w. to that of its length. 

Hence, */« represent the ciirvatu)-e of any curve, 

,_^ nr ""'t I 




da 



.it rA*n 



151. Curvature of a Circle. If nfi (Fig. 48) be the arc of a 
circle whose radius Is r, the angle prm equals tlie angle suh- 
tende<l bj- the arc pp' at its centre ; aud fVom g 40 we have 



da 



§17, Cor. 2. 



Hence, the curvatin-e of any circle is equal to the reciprocal of 
its raditis; and the curvatures of any two circles are inversely 
proportional to their radii. 

Cor. Ifr=l,K = l; t\mt is, llie unit of cvrvature is the cuT' 
vatui'e of a circle whose i-adius is Kniti/. 
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ISfi. Tojind K in terms of the differetUicUa ofx and y. 



-0' 

<I4\ 


•Til 



*='+(g)' 



o that the curva- 



The aigQ of cuiTature, howevei", ia often 



(1)7 

We_ take the positive value of the radical b 

tore of a curve will be positive or noaative according i 

cur 
positive or negative ; that is, according as the curve is concave 
iipwaitl or downward. 
neglected. 

156. Kadim of duratlin. As the radius of a circle varies 
from to CO, its curvatdre varies fi-oni go to ; hence there is 
always a cirde whose curvature is equal to that of any curve at 
any point. A circle tangent to a cuitc, and having the same 
cui-vatnre as the curve at the point of contact, is called the 
Cirde of Curvature of the curve at that point. Its radius and 
centre are the radius of awrvalure and the centre of curvature of 
the carve at that point. Hence, if R represent the radius of 
curvature of a curve, from §g 154 and 155, we have 



h 



_[-Gff]' 



will be positive or negative, according as the curve is con- 
cave upward or downward ; but its sign ia often neglected. 




on- ^H 
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167. The radius of curvature in terms of polar coordinates 
can be found by transforming the value of £ in § 156 to polar 
coordinates. We thus obtain 



('■-a' 






P -r ^^ P^ P ^ ^0i P ^ 



in which N \& the normal. See § 131, Ex. 3, and § 136, (7). 

158. The circle of curvature^ in genercU, cuts the curve at the 
point of contact. 

For, on one side of the point of contact, the curve changes 
its direction more rapidly than the circle of curvature, and hence 
lies within the circle ; while on the other side it changes its 
direction more slowly than the circle, and hence lies without the 
circle. 

169. At a point of maximum or minimum curvature^* the cir^ 
cle of curvature does not cut the ctirve; aiid conversely. 

For, on either side of a point of maximum curvature, the curve 
changes its direction more slowly than at this point ; hence, on 
each side of this point, the curve lies without the circle of curva- 
ture at this iK)int. On either side of a point of minimum 
curvature, the curve changes its direction more rapidly than at 
this point; hence, on each side of this point, the curve lies 
within the circle of curvature. 

Since the conic sections are symmetrical with respect to nor- 
mals at their vertices, it follows that their vertices must be points 
of maximum or minimum curvature. 

Examples. 
1. Find the curv^ature of the parabola t/* = 2px. 

Here -^ =^ , and —^ = — =^ ; 
ax y dTT y^ 

* By a maximum or minimum curvature, we mean ar numerical maxi- 
mum or Tninimiirrij the sign of cuTYature not being considered. 
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^y 






fdyv'v f\f-hpy "^ if '\-f) »' 



The upper or lower sign is to be taken according as — ^ is 
positive or negative. ^ 

At the vertex (0,0), k = - , which is evidently the maximum 
curvature of the parabola. ^ 

2. Neglecting its sign, find the curvature of the ellipse 

Here ^ = -^, and ^ = -. ^l ; 
dx a^y dor ay 

' ' " ay\ay + b*a^J (ay + 6V) i 

At the vertex (a, 0) , k = — ; at the vertex (0, — 5) , ^ = — ; 

hence, the maximum curvature of the ellipse is --5 and the 

b y* 

minimum —T- 

3. Find the radius of cui*vature of the cycloid 

a5 = rvers ^^ — y/^Iry — y^, 
r 

Here |?=V2^iEZ, and g = -4; 
dx y dxr ]f 

which equals numericall}^ twice the normal. 

1 

K == 



— 2V2?^ 

arid , the curvature at the highest point, is evidently the 

4r 

minimum curvature of the cycloid. 



i. Find the carvaturo of j/ = 3^—i3f—'l83? at the origin. 
Find tlte abaciasaa of the points at which the curvature is 0. 

Aug. ■ = — 36; ai=3 and -1. 
b. Find the curvature of tlie logarithmic curve ^ =: a'. 

tA„. , = _=2_. 
6. Find the numerical value of the radius of curvature of thi.' 

cubical parabola ^ = a'x. /o,,'. *\i 

Ans. Ii= '^-'-'+"-' . 
Ga'y 

7. Find the radios of curvature of the spiral of Archimedes 
Here % = a, and §=0; 

{ = + ^^ 
. R V '^) (p' + aM* ..a + g'i' 



8. Find the radius of curvature of the logaritiunic spiral 



P-"'- Ans. B = pVl+(loga)'. 

Svolutes. 

160. The Evolnte of a given curve is the locus of the ceiifre 
of curvature of the curve. The given curve is called the 
Inrolate of its cvolute. 

161. To Jind the equation of the evolute of any gireii curve. 
Let c, (o, j3) , be the centre of curvature of the curve ah at anj 

point p, (a:, y) . Then, 

since bp= pcs1ubcp = JBsinKPH = ^— ■ 



ds 



A 



and 



n*". 



J}M 



a = OE-BP = a;-fl^, (1) 
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Substituting in (1) and (2) the values of B and ds^ we have 



V da?) dx 



1 + 



and 



P=y + 



da? 

df 
da? 



(3) 



da? 



(4) 



By differentiadng the equation of any given curve, and sub- 
stituting the results in (3) and (4) , a and fi may be expressed 
in terms of x and y. If, between the equations thus obtained 
and that of cne given curve, x and y be eliminated, the resulting 
equation between a and fi will be the equation of the e volute. 



Examples. 
1. Find the equation of the evolute of the parabola. 

Here ^=P, and g=-^'. 
cLc y dor xf 

Substituting these values in (3) and (4) of § 161, and reducing, 
we have 



a = 3a;+p, or a? = - — ^, 

3 



and 



^ 



^^t 



P 



-2, or y = -p\p%. 



Substituting these values of x and y 
in the equation of the parabola, we ^ 
have 



or 



^ = 2fe(a-i»», 




which is the equation of the evolute of 
BAG (Fig. 50) is the evolute of the parabola mow. 
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2. Find the equation of the e volute of the ellipse. 

Here --^ = — — -, and -^ — — -ri 
dx cry dar ary^ 

_ (a'-y)a^ ( a*a \i 



and 






Substituting these values of x and i/ in ah/^ + ft^x* = a^^^, we 
obtain as the equation of the evolute of the ellipse, 
(aa)t + (6)8)J = (a2~62)|^ 



3. Find the equation of the evolute of the cycloid 

x = r vers * -= '\/2ry — y^. 

r 

Here ^ = ^^I^iE?, and ^ 4; 

dx y dor jf 



(1) 



.'.y = — )8, and x=a — 2 V— 2r)8 — 13^. 

Substituting these values of x and y in (1), we obtain as the 
equation of the evolute of the cycloid, 

a = r vers ^f-A\+ y/^^rp-^. (2) 

The locus of (2) is another cycloid equal to the given cycloid, 

the highest point being 
at the origin. For, if 
"^1 the cycloid oOiM be 
referred to the axes 
OiXi and OiYi, and p be 
any point, 

y = -BP, 

and X = OiB 

= KE + DP. (3) 

EM = arc EP ; 
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/. KE = arc AP = r vers~^ — = r vers 



■(=r'> W 



r 

DP = Va D^DE = ^/ — y{2r-\-y) = ^/—2ry — y^. (5) 
From (3), (4), and (5), we obtain 

aj = r vers'^f H-^ J +V— 2ry — y^. (6) 

Comparing (2) with (6), we see that os, the evolute of ooi, 
must be equal to OiM ; that is, the evolute of a cycloid is an equal 
cycloid. 

Properties of the Evolute. 

162. Any normal to the involute is a tangent to tlie evolute. 
The equation of the normal to y =/(») at (x', y') is 

y-y'^~(x-x'). (1) 

Let (a, p) be the centre of curvature of y = f(x) at (a;', y') ; 
then (1) passes through (a, )S), and we have 

y'-^^-giC^'— )5 (2) 

.-.»'- a +f!(y-/3)=o. (3) 

If («', y') move along the involute, (a, P) will move along 
the evolute, and a, )8, and y' will be functions of as'. Differen- 
tiating (3) on this hypothesis, we have 

dx' ^^ ^^ dx' 

Dividing by dx\ and rearranging terms, we have 

i+^' + (y'-^)^'---^^=o. (4) 
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But, as (a, P) is on the evolute, we have by § 161, (4), 

dx'* 

.•.(y-^)^;+i+i;;=o. (5) 

From (4) and (5) , we obtain 

da dy'dfi __Q ^ _^' = ^. 
dx' dx'^ ' dy' da 

Hence (1) is tangent to the evolute at (a, fi). 

163. Any continuous arc of the evolute is equal to the differ 
ence between the radii of curvature of the involute that are tangent 
to this arc at its extremities. 

If {x — a)' + (y — py = IP be the circle of curvature of any 
curve at («', y') , we have 

(x'-a)2+(y--iSr=iP. (1) 

Suppose (a?*, y') to move along the curve ; then y\ a, j8, and 
R will be functions of x\ 

Differentiating (1) on this hypothesis, we obtain 

(a' - a) dx' + (y ' - P) dy' - (x'- a) da 

•^(y^-P)dl3 = EdE. (2) 

From equation (2) of § 162 we have 

y-)8=-g^(a''-a); (3) 

,..y'-P = ^{xf-a). (4) 

Oa 

From (3), 

From (2) and (5), 

{x'-a)da + {y'-p)dp=^-RdR. ' (6) 
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From (1) and (4), 



da? 



(7) 



From (4) and (6), 



^ ' da 



-RdR. 



(8) 



Squaring (8) and dividing by (7), we obtain 

da? + dp^ = die. 

But, 8 being the length of the evolute, we have 
dc? + dp^=^ds'\ 
.\d8=i± dR ; 
that is, B increases or decreases as fast as s increases. 

Hence, if the length of the evolute of the parabola (Fig. 52) 
be estimated from the point a, we have 

arc AP = KP — OA. 

Again, if the length of the evolute of the C3'cloid (Fig. 51) 
be estimated from o, 

B 

arc os = sOi = 4r; 

hence the length of one branch of the 
cycloid is 8 r. 

164. These two properties of the 
evolute enable us to regard any invo- ^ 
lute as traced by a point in a string 
unwound from its evolute. Thus, if 
on a pattern of opao one end of a 
string be fastened at c, and the string 
be then stretched along the right of 
CPA, the point of the string which 
reaches o, when carried arouud to the right, will trace the arc 
OKm as the string unwinds from the evolute. 




Fig. 62. 





Since anj point of tlie string beyond a will trace an i 
of CA, it foUowa timt, while a cnrve lias Imt one evolute, it c 
have an infinite numl>cr of involutes. 



165. If, in the oqnatioLi f(_x. y, «) = 0, a scries of rtifferend 
balnea lie ftssigued to «, the equation will repreaent a series of ■ 

carves differing in form, or in 
position, or in both these re- 
but all belonging to 
the same class or family of 
curves. 

For example, if difEerent 
values be assigned to u in 
(3-_a)» + ^ = 25,it9 loci will 
be a series of equal circles with their centres on the axis of x 
(Fig. 53). 

The quantity a, which is constant for any one curve, hnt 
changes in passing from one curve to another, is called a Vari- 
able Parameter. Any two curves of a series that correspond 
to nearly equal values of the parameter usually intersect, and 
are called consecutive curves. 

166. An Envelope is the locus of the limiting positions of the 
points of intersection of the consecutive curves of a series, as 
these curves approach indefinitely near each other. 

167. Tojind the equation of the envelope of a series of curves. 
Let f{x,p,a)=u = (1) 

and f{x,y,a + Aa) = ■ (2) 



be the equations of any two consecutive curves of a series 
at the points of intersection of ( 1 ) and (2) , we evidently 

f(x,y.. + \.)~f(x.y,a) _Q_ 



; thenJ^I 

J 
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Passing to the limit as Aa = 0, we have, at the limiting posi- 
tions of these intersections, 

±f{x,y,a) = 0, or ^ = 0. (4) 

oa Cla 

Since the coordinates of the points on the envelope satisfy 
both (4) and (1), its equation is found by eliminating a between 
thes» equations. 

168. TJie envelope is tangent to each cw*ve of the series. 

Let 4> (ic, y) represent the value of a obtained from (4) of 
§ 167 ; then, if a = </> (as, y) , 

/(a;,2/,a) = w=0 (1) 

is the equation of the envelope. 

Differentiating (!),.« being variable, we obtain 

— dx-] ayH aa = 0. 

dx dy da 

But, at any point on the envelope, 

^ = 0; §167, (4) 

aa 

.'.^dx-h^dyr^O, (2) 

dx dy 

which gives the slope of the envelope at any point. 

Differentiating /(a;, y, a) =^ u = 0, considering a constant, we 

^cb: + ^dy=:0, (3) 

dx dy 

which gives the slope of any individual curve at anj^ point. 
From (2) and (3) we s^e that the envelope and any curve of 
the series have the same slope at their common point. 

Examples. 

1. Find the envelope of (x — ay + y^=:r^^ in which a is a 
variable parameter. 
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Here /(a;,.v,a)[= w] = (a;-a)« + 3^-r« = 0; (1) 

...^* = -.2(aj-a) = 0. (2) 

da 

From (1) and (2), ^ = ± r ; that is, the envelope is two lines 
parallel to the axis of x^ as would be inferred from Fig. 53. 

2. Find the envelope of ys=saa5 + — , a being the variable 
parameter. 

Here /(», y, a) [=?*]= j^ — ao? =0; (1) 

a 

.•.*f = _a! + H = o. (2) 



da 



a 



Eliminating a between (1) and (2), we obtain ^ = 4maj ; that 
is, the envelope is a parabola whose latus -rectum is 4 m. 

3. Find the envelope of the hypotenuse of a right-angled 
triangle of constant area. 

Let a and /3 be the sides of the right triangle, and assume 
them as coordinate axes ; then 

is the equation of the hypotenuse. 
Let c = the constant area ; then 

a)8 = 2 c, or )8 = — • 

a 

Hence f(x,y,a) = ^ + ^-1^0, (1) 

a ZC 

and ^ = -4 + X = 0. (2) 

da a^ 2c ^ ^ 

Eliminating a between (1) and (2), we obtain xy = ic; that 
is, the envelope is an hjperbola to which the sides of the tri- 
angle are asymptotes. 
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4. Find the envelope of a systcni of concentric ellipses, the 
nreiL and the dii'ections of the axes being constant. 
Let the equation of the ellipses be 

u?y' + ^-^ = a?ji\ (1) 

and c represent the constant urea ; 

then c = wap. (2) 

Eliminating y3 between (1) and (2), we have 
7 = 0; 



. du 



= 2af. 



2tV 



0. 



(3) 



From (3) and (4) , we obtain 

which are the equations of conjugate equilateral hyperbolas 
referred to their asj-mptotes. 

169. Contact of Different Orden, Let y =/{!") and y =: (^(x) 

be any two curves referred to the same axes. If/(<i)= i^(a), 
the cun-es have the point [«,/(")] in common. If /{«) = i^(rt) 
and /'(«)= ^'C)' *^^ curves are tangent at [n,/(n)], and are 
said to bave a contact of Hie first order. Itf(a) = >j>(a),f'{a) 
= ^'(a),- and /"((!.)= r^"(«), the two curves have the same 
curvature at their common point, and their contact is of the sec- 
ond order. If in addition, f"'(a)= ^'"{a), their contact ia of 
the third order ; and so on. TAiis, contact of the nth order im- 
poses n + 1 conditions. 

170. Two curves Intersect or do not intersect at their point of 
contact, according as their order of contact is even or odd. 

Let y=f(jx) &ndy=<l>{3!) beany two curves having tlie point 
[a,/(tt)] in common. Let 7( be a very small increment of x 
By Taylor's formula, we have 
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Aa+h, =/(a) +/ (o)S +/"(«) ^ +/"'(«) .y 4 



;«) + *■(«)» + *"(«)|| + *"'(»)j5- + -(2> 



Subtracting (2) from (1), wc obtain 



/(o+»)-*(a+;0 =''[/'(»)- 



(■'W] + ||[/"(«)- 



."(«)] 



which gives the difFerenee between the corresponding ordinateB 
of tlie ciin'cs on each side of thtii' coramon ordiDiite. If the 
contact is of an odd order, the first term of tlie second member 
of (3) which does not vanish contains an even power of ft ; 
hence the sign of the second member is the same whether ?i he 1 
positive or negntivo, Tliei'efore, y =/(») liea either above or 
below y = ^(^) on both sides of their common point ; and the 
curves do not intersect. Bnt, if their contact is of an even 
order, the first term of the second member of (3) that does not I 
vanish contains an odd power of 7(. Hence, in this case, the i 
second member changes sign with '» ; and j/ —f{x) lies above 
y = i^(a;) on one side of their common point, and below it on the i 
other ; and the curves intersect. 

Cor. At a point of maximum or minimum curvature, the 
circle of curvature has contact of the tliird order with the curve j 
for it does not cut the curve at such a point. 

The following arc obvious conclusions from equation (3) ; 

(a) Two curves on each side of their common point are 
nearer, the higher their order of contact. 

{b) If two cun'cs have a contact of the nth order, no omrve J 
having with either of them a contact of a lower order can lie ^ 
between them near their common point. 



171. Osculating Curves. The curve of a given species, that has | 
the highest order of contact possible with a given curve at any i 
point, ia called the oseulating curve of that species. 
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Let y ;=f{x') be the moat general form of the equation of n 
curve of a given ei>eciea, aud suppose that it contains n+l 
ailiitrary constants. Upon the n +1 constants, n +1, and only 
71+1, independent conditions can be imposed. But, in order 
tliat y =f{x) may have contact of the lith order with a given 
curve at a given point, m +1 conditions must be futfiHed by its 
coiistantB ; that is, these constants must liavc sncli values that 
y =/(a;) shall pass throiigli tlic jxiint, and the first n derivatives 
of its ordinate be equal to those of the given cur\'e at this point 
(§ 169). 

Hence, as y = ax + b has two constants, the oactilcUing straiijht 
line has contact nf the first order, and is a tangertt. 

As (x — a)' + (y — b)^ = r" has three constants, the osculating 
circle has, in general, coTitact of the second order, and is the cirde 
of curvature. 

The oaciUaiing parabola has cotUacl of the third order. The 
oscvialing ellipse or hyperbola has contact of the fourth order. 



Mi9CBLLANEoiJ3 Examples. 
1. Find the curvature of the hyperliola. 

Ann. K~ 



a'b' 



(6V + «y)? 

2. Find the radius of curvature of the equilateral hyperbola 
"^-"°'- A.. Ji = ± (''+/)'. 

3. Find the radius of curvature of y = G is* + ar'. 

Am. Ji = tg- ' + (*y'>' ] ' „„„„,ic.llj. 

4. Find the radius of curvature of the lemniscato of lier- 

nouilli,a'=n°co82e. . „ a- 

"^ Ans. R= ^■ 

5. Find the curvature of tlie cissoid / = - ■ — 

An,. .-±l- <,^°-'')' , 



J 
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6. Find the equation of the evolnte of the hyperbola. 

Ans. (aa)t-(6j8)§ = (a« + &^)*. 

7. Find the length of ^e evolnte of the parabola in terms of 
the abscissas of its extremities. 

j^^(t±J^^i2x±p)}^ §159, Ex.1. 

Arc AP (Fig. 52) = kp - oa= (^^+P)^ _p 

-y/P 

8. Find the envelope of y^ = a(x — a)y in which a is a 

variable parameter. 

Ans. y = ± ix. 

9. One angle of a triangle is constant and fixed in position ; 

find the envelope of the opposite side when the area is constant. 

/• 

Ans, xy = , c being the constant area and w the con- 

2 sin (I) 

stant angle. 

10. Find the envelope of the circles whose diameters are the 
double ordinates of the parabola y^ = 2px. 

Ans, y'=p(p + 2x), 

1 1 . Find the envelope of a line of constant length a, whose 
extremities move along two fixed rectangular axes. 

Ans, a?l + y* = a*. 

12. Find the envelope of the normals to the parabola y^=:2px. 
Ans, 7f = (a; — i>)^, which is the evolnte of the parabola, 

as it clearly should be. 

af * — -\ 

13. Find the radius of curvature of the catenary^y =-le«-f.e«). 

f 
Ans, i? = — 
a 
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14. Find the radius of curvature of the cardioid /o=a(l— cos^). 

Ans. ig = (^^P)^ 

3 

15. Find the envelope of the series of ellipses ^.H ^ — = 1, 

^ a'^iJc-ay ' 
a being a variable parameter. 

Ans, id + 2/* = M. 

16. Prove that the whole length of the e volute of the ellipse 



is 4 



a5 



17. Find the radius of curvature of the traetrix, having given 
^ = -^ §195,Ex.5. Ans. E=-(a^-f)h. 

dx v^^^ y 

18. Show that the evolute of a circle is its centre. 

19. Prove that the catenary p^^-f^a — ^^aS is the evolute 

of the traetrix as = a log y - (cL^-f) *• § 201 , Ex. 1 . 

20. Find the equation of the envelope of y=ax+(aV+h^)^j 
in which a is a variable parameter. 

Here the equation of the tangent is given, and that of the 
curve is required. a a^ . .V^ _ i 

21. Prove that —z — — + -^ = 1 is the envelope of the circles 

a? 4- tr Ir 

described on the double ordinates of the ellipse a^y^+l^Qi?=a^V 
as diameters. 



CIIAPTEU XIII. 



INTEGRATION OF RATIONAL FRACTIONS. 



172. Decomposition of Rational Fractions. Any mtiooal frac- 
tion whoMc uiiinornitor is not of n lower degree than its dcnomi- 
uator can be st'piiriited li_v division into two parts, the one 
rational and entire, and the other a rational fraction whose 
numerator is of a lower degree than its denominator. For 
examplo, 



af + ix'- 



x''-{-2x'-x- 



HcDce any rational differential can be considered as com- 
posed of an entire part and a fraction whose numerator is of a 
lower degree than its denominator. The entire part can be 
integrate*.! by previous metttoda ; and it is our present object to 
show tliat the fractional part, if not directly integrable, can be 
resolved into partial fmctions which are integrable. These par- 
tial fractions differ in form, according as the simple factors of 
the denominator of the given fraction are ; 
I. Ileal and unequal. 
II. Keal and some of them equal. 

III, Im^inaiy and nneqnal. 

IV. Imaginai-y and some of Uiem equal. 

To show, in the simplest manner, bow the decomposition and 
integration is to be effected, we shall apply the process to par- 
ticular examples in each of the four cases. 

173. Case I. When the simple factors of the denomiTiator are 
real and wierjual, to every factor, as x — a, there corresponds a 
partial fraclion of the form 




Let it be required to find Cil^L+ll!^. 



The roots of x? + x' — 2x = are 0, 1, aud —2; hence, the 
factors ot3? + a^—2x nre x, x — 1, iind a;-|-2. 



AsBume - 



2a; + 3 



^1^ 



(>) 



x{x-l){x + 2) X a-l d;-f2 
Clearing (1) of fractions, we have 

2x + Z = A{x-l)(x + 2) + B(,x + 2)x 

+ C{x-l)x (2) 

= {A+B+C)Jr'+(A+2B-C)x-2A. (3) 

Equating the coellicieuts of like [wwera of x in (3) , we have 

^+jB+C'=0, ^+2£-C=2, and -2^-3. (4) 

Solving equations (4), we find 

J = -f, B = f, flndG = -Jl. (5) 

Sabstituting these values in (1), we obtain 

2£ + 3 _ 3 5 I 



a? + 3?- 



2x 3(a;-l) IJ{x + 2) 
. r (-2x + 3)dx ^ _ 3 Tfi^ () rjx_ _ I r dx 
■J af + x'-23; 2J a; 3J j;-l 6 J a: + 

= -|loga; + |log(3!-l)-ilog(a! + 2) + lt^ 



(6) 



= log. 



hl. 



icl(a! + 2)i 

Equation (6) is true; for the values of ^, B, aud (7 given in 
(5) satisfy (4), and hence make (3),* and therefore (1), an 
identical equation, 

•The prindple used here U; T/A=A', B = B', C = C', etc., A + Bx 
+ Ci' + - = A'+ B'x + Cx' + - IS an identical ejuation. 

Tlial the fraction has been correctly deeonipoaeil is proved by TCBEoning 
backward through tlio process. Equation (1) is not assumed as abasia of 
prouf, but lu a basis of ciperatioti. 
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The values of A^ B^ and C may be obtained from (2), as 
follows : 

Making 2=0, we have 3 = — 2-4; /. -4 = — f.. 

Making a; = 1 , we have 5 = 3^; .*. ^ = |. 

Making x = — 2, we have —1 = 6C; .-. C7 = — |^. 

Examples. 

1. Find n^-^>'^. Ans. logi^+iHP. 

Jx» + 6x4-8 (x+2)* 

^- fS+V-? ' log[(x-l)*(x+2)»c]. 

^- S^tVlT-lf - log[xi(x-2)i(* + 3)lc]. 

174. Case II. When 9ame of the simple factors of the de- 
nominator are real and equals to every set of equal factors^ as 
(x — a)", there corresponds a series of n partial fractions of the 



(x - a)" (x - a)»-* X - a 

/dx 
Z 7T77 7T* 
(X-1)V + 1) 

Assume ^ iH 1- • (1) 

Clearing (1) of fractions, we have 

l=^(x + l) + 5(x*-l)+C(x-l)* 
= (5+C7)x* + (^-2C)x + ^-5 + C. (2) 

Equating the eoeflSeients of like powers of x, we obtain 

54.(7=0, ^-2C=0, and A-B-^C^l. (3) 
Whence ^ = i, C=i, and -B = -i. (4) 



Substituting these values in (1), and integrating, we have 
J (a 



J (i,_l)'(3,+l) 



r tu r dx r dx 



(5) 



Yaj+lV 



"yx-lj 2{x~l) 
Equation (5) is trne ; I'or the values of A, B, and C given 
in (4) satisfy (3), and hence make (2), and therefore (1), an 
identical equntion. 

Examples. 

J (it+3)(i+i)- 2(1+1)^1 "i+a 

2. C ^^ -^+loff(a:+l) + C. 

'■ /'";:tr;2"J"" - '-{'(-'C-f-.)']4-- 

176. When the simple factors of its denominator are imagi- 
nary, a fraction may then also be decomposed into partial 
fractions of the forms in Cases I. and II. ; but, since the inte- 
grals obtained from these would involve the logarithms of 
imaginariee, we seek other forms for the partial fractions. 

Since the imaginary roots of an equation always occur in 
conjugate pairs, the imaginary factors of the denominator will 
occur in pairs whose products are real quadratic factors of the 
form (a; — o.)' + 6'. Hence, when its simple factors ai'e Im- 
^inary, the denominator can be resolved into real quadratic 
factors. 

Case III. WTien some of the simple factors of (fte denomina- 
tor are imaginary and utiegual, to every factor of the form 
(x — a)*-|-b^ there correspond a partial fraction of the form 

Ax + B 
(s-a)^-|-b=' 
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. 

Assume ^ = -^ 4. _A_ 4. ^±^. m 

(x-\-\)(x-\)(Q^-\-:l) x-\-\ x-\ a^ + 2 ^^ 

Clearing (1) of fractions, we obtain 

ix? = A{x-\){x'-\-2)-\-B{x-\-\){x'-\-2) 
-f(Ca:-fi>)(aJ^-l) 

+ (2^4- 2i?-C)a; + 2JB-2^~Z). (2) 

Equating coefficients of like powers of a5, we have 

^4-i?-fC=0, B-A-\'D^\, 
2^4-2i?-O=0, 2JB-2^-i> = 0. 

Whence A = -\, -B = i, (7=0, i> = f. (4) 

Hence f /? =-1 f-^+i r-^ + ? f-^ (5) 

= ilog?^ + - V2 tan ^-^ -f C. 
6 ^a; + 1^3 V2 

Equation (5) is true ; for the values of A^ JB, (7, and i> given 
in (4) satisfy (3), and hence make (2), and therefore (1), an 
identical equation. 



(3) 



1. Find 



/( 



Examples. 
xdx 



Ans. -tan-^a;-f-log (^"*"^)^ +a 
2 ^2 "^ a? + l ^ 



'• /^ 



+ 3ar^ + 2 ^(aj«-fl)* 

. r ^^ L_4.1iog^Zl2^±l + C. 

J (a;-l)^(ar' + l) 2(a;-l) 4 ^ oj^+l ^ 
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• f-r^- llogi±^-itan.x+C. 

J 1 —or 4 1 —a 2 



•/; 



Qc^dx 



a^ + a^-^-x + l 

ilog(a;-f l)-filog(a,-2 + l)-itan-^a;-f C. 



/ ' dx 
aj^ + l 



7 r_^ 



/ da; _ 1 r dx __ 1 r(x — 2)dx . 

/ (x-2)dx ^l r(2x-l)dx 1 r 3(^a; 
«2-a; + l""2J or'-aj + l 2Jar'-a; + l' 

JcB^ + l 6 ^ar^-aj-hl^ V"3 V3 

-log-:; — ■ ■ tan * ■ \- C, 

a^ 6 '='ar'-2ic-fl V3 V3 



176. Case IV. When some of the simple factors of the denom- 
incUor are imaginary and equals to every set of equal quadratic 
factors of the form [(x — a)^ -f- b^]"* there corresponds a series of 
n partial fractions of the form 

Ax-fB , Cx4-D , , Lx4-M 

■■+■ • -T- • • • -4- 



[.(x - a)2 -f b2]" [(x-a)^ + b2]»-i (x-.a)2 + b2 

In any example under this case, by clearing the assumed 
equation of fractions, and equating the coefficients of like pow- 
ers of ic, we should, as in the first three cases, evidently obtain 
as many simple equations as there are indeterminate quantities ; 
and the values of -4, i?, C, etc., determined by these equations 
would make the assumed equation an identical one. 

It remains to be proved that we can always integrate a frac- 
tion of the form -f "t^ ,^n • 



194 INTEGRATION OF RATIONAL FRACTIONS. 

Let z^x — a; then xssz + a, dx = dzy and 

/ (Ax'\-B)dx _ r{Az'\-Aa-\-B)dz 

/ Azdz r{Aa'\'B)dz 



-A , r{Aa + B)da 

2(n-.l)(2*-f 6*)-i J (2* + 6*)- ' 



The method of finding the integral of the last term is given 
in § 185. 

EXAMPLE& 

1. Find f(^±£l^. 

Ana. ilog(a!* + 2) + — ^ (—^ 



2) 



Assume t±^=l ^ A^±B Cx±D^ 






, r ^ log ('"-I)* Ltan-'^ + C. 

Jx'-ar' + 2x-2 ^(a!» + 2)» 3V2 V2 

r(2-3a^)dx. _A_ _^2__31og(x + 2)+C. 

J (x+2y {x + 2y x+2 ^^ ^ 



CHAPTER XIV. 

INTEGRATION BY RATIONALIZATION. 

177. It has been shown that any rational differential is inte- 
grable ; hence an irrational differential which does not belong 
to a known form can be integrated, if we can rationalize it; 
that is, if we can find its equivalent rational differential in terms 
of a new variable which is some definite flinction of the given 
variable. 

178. A differential containing no surd hut those of the form x^ 
5aw he rationalized hy assuming x = z", in which n is the least 
common multiple of all the denominators of the several fractional 
exponents of x. 

For, if oj = «*, the values of a?, dx^ and each of the surds, will 
be rational in terms of z ; hence the function of z obtained by 
substituting these values in the given function will be rational. 



Examples. 

1. Find C^~^f dx. Ans. |ict-|a:i + 0. 

•/ 2x9 

Assume a? = 2^ ; then 

a;4 = 2^, aji = 2;*, ici = 2;, and dx=(Sz^dz\ 

.\C?^^^dx=C^^Q^dz = sC(z''-z')dz 
a^dx 






2x1 



Jajt - |a;i+ farJ - f «* -f Al^gC l+2ajl) -f-C. 
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179. A differential containing no surd except a-fbx affected 
with fractional exponents can he rationalized by assuming a + bx 
= z", in which n is the least common multiple of the denominators 
of the several fractional exponents. 

For, if a + 60; = 2f , the values of a;, dx^ and each of the surds, 
will be rational in terms of z. 



Examples. 

1. Find f- -^ -• Ans. 2tan-Vl + a;)4+ C. 

Assume 1 -f- a^ = 2^ ; then 
(l-ha;)i=2;», 
(l-f-ic)^ = «9 and dx = 2zdz; 

dx r 2zdz _ 2 f ^ 

= 2 tan'a; + C= 2tan-^(l4-a?)* + C. 



xdx 2(2a-\-bx) , p 



J (a 

^- /(27r^»- -i(4r + y)(2r-y)i + C. 

4. ra;(a + «)»*!!. ^(4a; — 3a)(a+a;)l + C 



<*^ 1 log^^^i+MziV«+Iogc. 



5. f-^ ^ „ ^ _ 



180. A differential containing no surd except Va + bx -f- x* 
can be rationalized by Qssuming Va + bx -f- x* = z — x. 
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Let 


Va 4-6aj + a^ = 5; — a?; 




then 


a5 = , 

6 + 22 

, 2{7? + hz + a)dz 
(6 4-22)2 ' 


b'h2z 


and 


Va 4-6aj4-iB^[=2 — «] = 



Hence, as the values of a?, dx^ and y/u -^bx-^a^ expressed in 
terms of z are rational, the given differential when expressed in 
terms of z must be rational. 

181. A differential containing no surd except Va-f-bx — x- 
can be rationalized by assuming 

.Va-fbx-x2[=V(x-^)(y-x)] = (x-.^)z, 
in which /8 and y are the roots 0/ x^ — bx — a = 0. 

Let -s/a-\-bX'-x^\_=^^{x-P)(y-x)'] = {x-P)z', 

then y — « = (« — ^)2;2, 

224-1 ' 

^^2(^-y)2d2 

and Va + 6a;-afT=(a;-i8)«] = i^^-=l^. 

Hence, as the values of a;, dx^ and Va -\-bx^a? expressed in 
terms of z are rational, the differential when expressed in terms 
of z must be rational. 

Examples. 
1. Find r ^^ ^ns. log[(2a; + l+2VlTaT^)c]. 
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Assume Vl 4-« + «* = 25 — «; 



then x^ 



22 + 1' 



and 



(22 + 1)* 

vr+^-^[=2-a.]=^±^^. 

.-. r — ^ — = r-^^=iog[(22+i)c] 

= log[(2i+ 1 + 2Vl+aj + aj2)c]. 



I r___^_ 



V2-a;-a^ 
The roots of a^ + a;— 2 = are —2 and 1 ; 

/. 2 — a; - a^ = (a; + 2) (1 — a;) . 

Assume V2 -a;-a^[ = V(a; + 2)(1- a;)] = (a; + 2)2; 
then l-a? = (a; + 2)22, 

1-22* 



a; = 



da; = 



2^+1 ' 

— 62d2 
(2^+1)2' 

32 



and V2 --x^oi^ — 



2^ + 1 

... r ^ = r^^=2eot-2 + C 

J V2-a;-aj2 J z'+i 

v«+2y ^ 

3 r dx 2eot-Y^*+^. 

4. C^Hl^^. iog(a:+l + V2S+^)— -1=^ + C. 
•/ a^ « + V2a;+aj2 
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182. Binoinial Bifferentials. Differentials of the form 

in which m, w, and p rerT*esent any numbers, are called binomial 
differenticUs. When j:> is a lii 'lole number, the binomial factor 
can be expanded, and the differential exactly integrated by pre- 
vious methods. In what follows, p is regarded as fractional ; 

and, in the next section, we will represent it by - , r and s being 
whole numbers. 

r 

183. Conditions of Rationalization of of" (a + baf')'dx. 

I. Assume a -h ftaJ* = 2* ; 

then (a + 6aj")T=2r; (1) 

i-i 
and da.= i-2-i/^?lll^y dz. (3) 

hn \ h J 

Multiplying (1), (2), and (3) together, we obtain 

m+l 

^{a + 6af )7(7a; = — 2;»-+-i /'?-Il2^ ** dz. (4) 

hn \ ^ / 

The second member of (4) is rational, and therefore integra- 

ble, when — "^ is a whole number or zero. 
n 

II. Assume a -f- &«** = 2*aj** ; 

then aJ* = a(2;'-&)-^; (1) 

1^ _1 m m 

ajr=a»(2;* — 6) », af" = a« (2* — 6)"« ; (2) 

and dx=z — -anz^-^{z^ — h) ndz. (3) 

Multiplying (1) by &, and adding a, we obtain 

a -h Oic" = ; 

z' — h 
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/. (a + 6af)T^ = a* (2* - 6)'« af. ' (4) 

Multiplying (2), (3), and (4) together, we have 

r 

n 

The second member of (5) is rational and integrable, when 

— 2l_ _|_ !1 is a whole number or zero, 
n 8 

r 

Hence, aJ*(a -f- to") »dx can be integrated by rationalization. 

I. When — i- is a to/toZe number or zero, by assuming 

71 

a-^-ba^^z*, 

711 I 1 f^ 

II. When — -I- — I- - is a wJiole number or zero^ by assuming 
a -\-b3^ = z'af^. 

Examples. 
1. Find |V(a + to*)-icZa:. Ans. ^"~^^ (a-h to^)^ + C. 

Here — lt_ is a whole number, and « = 2 ; hence we assume 

a + ba^ = if; 
/.(a 4-^2) -4 = 2-1; (1) 

♦ When 1 18 a negative integer, or 1 1- 1 is a positive 

integer, the exponent of 2*— 6 being negative, the given differential wiU be 
reduced to a rational fraction whose integral may be obtained by the 
method of Chapter XIII. But, as this method usually gives a complicated 
result, it is generally expedient in such cases to integrate by using the 
formulas of reduction g^ven in § 185. 
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and da = U-^ydz. (3) 

Multiplying (1), (2), and (3) together, we obtain 

2. r ^^ . ^-^^ +c. 

J (2-30^)5 9(2-3aj2)i^ 

3. ra.-(l + a^)-Ma.. (2a^-l)(l+^^ ^. 

*/ t> it/ 

Here — — — u _ is a whole number, and 8=2; hence we 
n 5 
assume 

1 +0^ = 7^0^; /. ar = (2j2 — 1)-*, 

a; = (22-l)-i, a;-'* = (22-1)2, (1) 

(!a; = -(22-l)-32d2;; (2) 

and (i + ar^)-i = A + ^y*=^-H^-l)-i- (3) 

Multiplying (1), (2), and (3) together, we have 

<fo 1, a; 






a VoM^H-a 



+ logc. 



. f ^ llog ^ -f logc. 

/ adx ax , ^ry 

(l+aj2)j' (l-far^)* 
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Miscellaneous Examples. 

1. Find f^^-'^l^'- 
An». 6[|arl + ia^-iiH + laJ*-lic* + aj»-log(l+ici)] + a 



2. I : —r log—- A-Xose. 

^' I ~7JZ ri' -—tan »( ) + a 

J x{bx — a)^ ^/a \ « / 

7. f ^ , ^p-^Yi a 

8. f ^ logf a;-hVlT^T?_A 

•^ (l + a;)Vl-far + a' V2 +«+Vl + ar + «* / 

10 r ^ 5(2^+31 ^ 

11 f a^^ __J^__ + cr 

' J (a-f «>a5*)« 3a(a + te»)l 

12 r__^L_ 04-2^* ^ 



CHAPTER XV. 
INTEGRATION BY PARTS AND BY SERIES. 

184. If u and v be any functions of a, we have 

d(uv) = udv + vdu. 
Integrating and transposing, we have 

I tidv = wu — I vdu. (1) 

Equation (1) is the formula for integration by parts. It 
reduces the integration of u^v to that of vdu ; and, by its appli- 
cation, man}^ usetui formulae of reduction are obtained. 

Examples. 

1. Find j X logxdx. Ans, ^x^ \ogx — ^a^ + (7. 
Assume u = logo;, and dv=^xdx\ 

then du = — , and v = — • 

X 2 

Substituting these values in formula (1), we have 

I X log xdx = ia^ log x— I ^xdx 
= iix^logx — ix^+ O. 

In each example, the values of u and dv must be so assumed 
that vdu is a known form, or nearer one than vdv. 

2. |loga;da;. a?(loga; — 1) + (7. 

3. Cxe'^dx. e'«^---\^ + 0. 
Assume dv = e'^dx. 
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5. I sin"* a? da;. a;Bm~^a?-f (1 — «2j4-|- (7. 

6. I tan~'a;da:. a?tau~*a; — log(l + a?)4-f C. 

7. ra;Xa-a')icte. -^^^^(a- «»)l -^^(a-a^)! + C. 
Assume u = a^. 

. I a; cos a;c2a;. a; sin a; + cos a; + C 



8 



185. Formulas of Rednction. We will next apply the /ormt/Za 
for integration by 2>(irts to the binomial differential, 

ar^a-i-bafydx* 

in which p is any fraction, but m and n are whole numbers, and 
71 is positive. 

I. Let dv = (a -f- bac^ya^'^dx^ and u = af""*"^ ; 

then V = iiilt 2 — and dtt = (m — 7; + l)ar "cte. 

7i^;0)+l) ^ 

Hence, by the formula, we have 

^ - ^ ±1 raf-»(a + 6a;»)''+»da:. (1) 

r I )•/ 



w6(i> +1) 



* That any binomial differential can be reduced to one of this form is 
evident. For, let the given differential be (x~* — x*)^ x~* dx ; then, by mul- 
tiplying the first factor and dividing the second by (3^)\ we obtain 
( 1— X*)' x"^ dx. Putting x = 2*, we have 6 ( 1 — 2*)^ <fz, which is of the form 
required. 

The formulas of reduction are true for fractional and negative values 
of m and n, but they are not generally useful in leading to known forms, 
unless m and n are whole numbers, and n positive. 
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Now Car -''(a -f bx^y-^^dx= (^-"(a -f bx''y{a -f- b3tf)dx 

Substituting this value in (1), we have 

Car (a + bafrdx = ^-^X^ + ^^)-^^ 

^{rn-n+l)a f^-n^a + baf^ydx 

_ rn-n + l f^^a + baf^ydx. 

Transposing the last term to the first member, and solving 
for I ar(a + bx'^ydx^ we obtain 

J ^ ^ 6(np-fmH-l) 

- «(^-^H-l) |V-»(a -f baf^dx. (A) 

By formula (A) the integration of ar(a-{-bafydx is made to 
depend upon that of another differential of the same form, in 
which m is diminished by w. By a repetition of its use, m may 
be diminished by any multiple of n. 

Formula (A) evidently fails when rip + m + 1 = ; but in 

that case (-^9 = 0; hence the method of integration by 

rationalization (§ 183) is applicable, and the ^formula is not 
needed. 

II. It is evident that 

Car {a + bx'^ydx = Cx'^{a -f bx'^y-^ia + bx'')dx 

= a Car{a -f- bx'^y-^dx 

+ b Car-^''{a -f bx'^y-^dx. (2) 
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Applying formula (A) to the last term of (2) , by substituting 
in the formula m -f- 7i for m, and p — l for p, we obtain 

b Cucr-^ (a + baf^y-^dx = ^'"^i^ + ^^Y 
J np -h m -f 1 

- «(^ + l) far(^a+baf^y-'dx. 
np + m + lJ ^ ^ 

Substituting this in (2) , and uniting similar terms, we have 

J 7ip -f- m -f 1 

OT^ f^ra + bary-^dx. (B) 

Each application of formula (B) diminishes p, the exponent 
of the binomial, by unity. It fails in the same case that (A) 
does. 

III. When m and p are negative, we need formulas to increase 
rather than to diminish them. To obtain these, we reverse for- 
mulas (A) and (B). 

Solving (A) for I af*^^(a + bafydx^ and substituting m + yt 
for m, we obtain 

J ^ ^ a(m -f-1) 

a(m + l) J V -1- y V / 

Formula (C) enables us to increase m by n at each applica- 
tion. It fails when m + 1 = ; but in that case the differential 
can be rationalized (§183). 

IV. Solving (B) for Car(a + baf'y-^dx, and substituting^ -f-1 
for j9, we obtain 

Car (a 4- baf^y daj = - ^'''(<^ + ^^)^''' 
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Formula (D) enables us to increase p by unity at each appli- 
cation. 

The mode of applying foimulas (A) , (B) , (C) , and (D) wilt 
be illustrated by a few examples. 



'• ™/(^*- 



Examples. 



Here m = 4, h = 2, jp = — ^, a = a^^ and 6 = — 1. Hence, by 
applying formula (A) twice in succession, this integral will evi- 
dently be made to depend upon 

dx 



f- 

Substituting these values ot m, w, etc., in formula (A), wo 
obtain 

-fia* rar^(a2-a^)-idiB. (1) 

In like manner, we obtain 

+ ia2r(a2-a^)-ida;. (2) 

Now, ^{p?--^Y\dx^ f ^^ =sin-^g-f-a (3) 
From (1), (2), and (3), we obtain 

+ |a*8in-^^-f O. 

2^ r^d^. ^^^ .5VS^^^ + ^sin-^5 + C. 

•/ ^a^^a? 2 2 a 
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8. r f^ . _|(a:2+2a2)(a2-ic*)i+a 

— z=^ is made to depend on what known 

form when m is positive and even ? On what known form when 
VI is positive and odd? 

By formula (A) , I — ^ti=: is made to depend on what known 

^ y/a^-^-x^ 
form when m is positive and odd ? On what known form when 

m is positive and even? 

V6 G.4 G.4.2y 6.4.2 a 

8. r(a2_a^)i(ia:. iaj(a2- ar^) i -f^a^ 8in-^5+ C. 
Apply formula (B) once. 

9. Cx'(l-ic^)hdx. ix(2x'-l)(l-'a^)h'{'isin-^X'\-C, 
10. |V(l-ar^)i(Za;. 

11 C ^ V^^H"^ , ^ 
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12. f ^ ^Va^-g^ J_, X ^ 

For r jg see § 183, Ex. 5. 

Apply formula (B) . 

U. r(a2+ar^)4(Za;. iajVaM=^+ianog(aj+V^T^)+ (7. 

« 

15. f— ^ ^ + JLtan-i£ + a 

Apply foi-mula (D). 

17. C ^^ . _(2aa;-a^)i + aver8-^5+C'. 
•^ ■\/2ax — a^ « 

/* a/da? /» 

Write I —=== in the form I aji(2a — aj)"ic?a;, and apply 

formula (A) once. 

iQ r a^dx x + Sa r^ -« , o . .a? , ^ 

18. I — ' ^— — V2aaj — ar + *a*vers^-H-C. 

-^ y/2ax-a^ 2 a • 

19. f /^ . 



' ^ — ' ^ V2aaj — ar + f a^vers *- -f (7. 

6 a 



20, ■ ^^ 



••/(^ 



+«*) 



3 



« I 3a; , 8 . ^a? , ^ 



4a2(a2 + a2)2 SaXa^ + aj") 8a« a 



f_^*d^ a;(3-a^) „ . _i , ^ 



21c - 

(l-»')i 2(1 -ar*) 
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186. To integrate the logarithmic differential <^(x)(Zogrx)"dx, 
in which ^(x) is an algebraic function, and n is a positive whole 
number. 

Let a?{\ogxydx be the function. 

Assume dv=:a:^dXy and u = (loga?)^; 

then du =2\ogx — , and v = ^a^. 

X 

Hence, by the formula for integration by parts, we have 

Ca^(\ogxydx==ia^(\ogxy-'iCx'\ogxdx. (1) 

Applying the formula to the last term of (1), we have 

I a^logxdx = ^o^logoj— I ^ai^dx. (2) 

From (1) and (2), we obtain 

fa^{\ogxydx=ia^[{logxy^i\ogx + i} + a 

Hence, to integrate <^(aj)(logaj)'*daj, we assume dv = 4>{x)(lx. 
and, by successive applications of the formula for integration 
by parts, reduce the exponent of logo? to zero. In this way 
the integration of the logarithmic differential is reduced to the 
integration of algebraic differentials. 

Examples. 
1. FindJV(loga;)2cte. Arts. i«'[(logaj)2-^loga;+i] + C. 

^•/irff.- ^^loga:-log(l + .) + a 

niosxY 2 
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187. To integrate the eocponential differential^ x^a^'^dx, when 
n is a positive integer. 

Assume dv = a'*'dx, and w = aJ"; 
then du = naf~^dx, and v = — ^ 



m loga 
Hence, by the formula for integration by parts, we have 

/oTa'^dx = J^l^ ?L_ faf'-^oT'dx. 
mloga mlogaJ 

By successive applications of this formula, the exponent of x 
is reduced to zero, and the proposed integral is made to depend 
upon the known form 



/■ 



a'^dx. 

Examples. 



1. Find Ca^e^'dx. 

Assume dv = e'"dx, and u = 7?\ 

then I a^e^cfoj = -e'^ot? ( xe'^dx. 

J a aj 

Again, j xe'"dx = -e'^x 1 e'^dx. 

a^e"dx =— f»* — — +-jj + a 

J a\ a a^ a^ J 

3. Ca^a'dx. ^' r^ ^'^' I ^'^'^ ^'^-n I a 
J loga|_ loga (loga)^ Oog^)j 

4. Write out the integral of ^x^dx^ according to the law 
of the integrals in Examples 2 and 3. 

188. To integrate the trigonometric differential sin"x cos^xdx. 
Let sin a; = 2 ; 

n 

then sin"*a5 = 2;"*, cos*a; = (l — «^)2, 
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mod cix = (l— 2i*)-lcfe. 

Henoe, j 8in*a5 008*a5dx= 1 2^(1 — 2i*)"rcfe. (1) 

Or, lettmg oos z = 2, we obtain • 

Cs\Brzcx»*xdx= C—sril — s^yrdz. (2) 

Hence, whenever the binomial differential in (1) or (2) can 
be integrated, the giren differential can be. 

This method of integrating 8in*a? oo8*xd!x is nsed in those 
cases to which the shorter methods of § 63 are not applicable. 









Examples. 


1. Find 


iJ'siE 


fzdx. 




Pot 


sinx 


= 2; 




then 


dx = 


(1-2*) 


idz. 



and isufzdx== j 2*(1 —2r)-ic/z 

V6 6-4^6-4. 27 ^ 



-4- ^'^ sin-'2 + C § 185, Ex. 7. 

6-4-2 ' 



cosar/ . e , « - « , .^-3 . \ 
= f sin* x -h Jsm'a? H smx 1 

6v ^ 4-2 y 



6- 4. 2 



2. I sin^xdlz. ^w^. — Jco8ar(8in'x-4-#8inar)-|-f x-h C'- 

3. Icos^xcir. ^8inx(co8'a:+f co8ic)-4-i«+C 

4. I sin'zcos'zdjr. Jsin^arcosa? — |^8ina?oo8ic-4-|^a?-4-(7, 

or |(x-- Jsin4af)-4-(7. 
Let 8inx = 2, and, for Cz^ {\ — 7?)\dz, see §185, Ex. 9. 
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The second form of the integral is obtained from the first bj* 
use of the relations, 2 sin x cos a; = sin 2 oj, and 2 sin^ aj= 1 — cos 2x. 
By a similar transformation, any differential or integral expressed 
in powers of sin a? and cos x may be found in terms of the sines 
and cosines of multiples of x, 

r ' 2 4 J sinaj/cos^a; cos^a; . cosa;\ . x , ^ 
D. I sm^ a? cos* a;aa:. f — -— ) + t:: -f- C/. 

J 2 \^ 12 3 8 y 16 

6- f ^"^ . ' l_ + logtana:-fa 

J smajcos^a; 2008-^0? 

rj r dx cosa; , ii^„i.„„«, rr 

7. I-T-^- "" o ' 2 H-ilogtan- + a 

J sm^x 2sm^a; 2 

g^ rcos*xdx ^ 1 ^^g3^ _j_ ^^g ^ ^ j^g ^^^« ^ Q 

J sinaj 2 

189. To integrate x"5in(ax)dx, and x"cos(ax)dx. 
Assume w = a*, and apply the formula for integration by 

parts. Each application of the formula will evidently diminish 
n by unity ; hence, when n is a positive integer, the integral 
can be made to depend on the known form 

I cos {ax) dx or I sin(aaj)da;. 

190. To integrate e" sin"^ x dx, and e" cos"^ x dx. 
Put dv = e^dx^ and u = sin* a? ; 

then -y = - e"*, 

a 

and du = n sin*" ^ x cos x dx. 

.'. j e*" sin** a? da; = - e*" sin" a; 
J a 

^Vl ( e«*sin"~^a;cosa;da;. (1) 

aJ 



Again, put dv = e~cto, and u = sin" * a; cos a; ; 

then ^ = -6***, 

a 
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« 

and du = (n — 1 ) sin*"' x cos^ xdx — sin" x dx 

= (n — 1) sin^'^xdx — 71 sin^^xdx. 

[Since cos* a; = 1 — sin* a;.] 



■•■/' 



gox gjj^ n-1 ^ gQg a; c2aj _- _ e« sin**"^ x cos a? 

a 

— ^?^^ re''*sin"-*a;c?a; + - fe"* sin" a? da?, 
a J aJ 

Substituting this result in (1), and solving for j e" sin" a da;, 
we obtain, 

ax ' n ^ ^'** sin""^ x(a sin a; — n cos x) 

u' -f- a' 

^0^-1) Aox 8inn-2a.^aJ. (2) 



/• 



By repeating this process or the application of this formula, 
n is reduced to zero or unity ; and the integral is made to de- 
pend upon the known form I e**c?aj or the form j e"* sin a; da?. 
The value of the latter form is obtained directly from (2) by 
making n= 1. 

In like manner I e*" cos a; da; can be obtained. 

Examples. 

1. Find jo* cos a; da:. 

Here u = «*, dv = cosa;daj, 

V = sin a;, and du = 2 xdx, 

.*. I x^ cosxdx = x^ sina; — 2 j a: sina;da: 

= a* sin a; -f- 2 a: cos a;— 2 I cos a;da? 

= a;*sina;-f-2aJcosa; — 2sina; + C. 

2. j a;^sina;da;. — oleosa? +3 «* sina; -|- 6 a? cos a;— 6 sin a? +(7. 
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e"* sinxdx. -r — - (a sino? — coso?) -f C. 

4. j 6* sin'^ajdaj. — (sin'^aj-f 3co8^a; + 3sina;— 6cosa;) + C. 



191. To integrate 



a -f 6 cosx 
a+6cosa;""*/ 



a[ cos^--f-8in*-j + 6[ cos^ — sin^- J 



=/ 



dx 



(a + b) cos^f + (a - 6) sia^f 



=/ 



8ec^-(7a; 
2 



(a -f- [/) -f (a — 6) tan^- 
•^ (a + 6) + (a-[/)tan2- 



which is readily reduced to the known form, 

o o or J o_^ > according as a > or < 5. 



c^+ar^ 

can be found. 

a 



da; 
-f 6 sin a? 



192. To integrate the anti-trigonometric differentials^ 

f(x)sm~^xdx, f (x) cos~^xdx, f (x)<aw~^xdx, etc.^ 

in which f (x) is an algebraic function. 

Assume dv=f{x)dXj and apply the formula for integrating 
by parts. One application of the formula will evidently make 
the integral depend on an algebraic form. 
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Examples. 



. Find p 



7?dx 



+ a^ 



tan~*x. 



Heredv = - = da? -, ti=tan"^ap. 



._i _ _. , dx 



r = a; — tan"^a;, and dM = 



•••/i 



05* da? 



;tan-'a: = a? tan~*a? — (tan"*ar)* 



= a; tan"*ar — (tan-*ar)* 

-ilog(H-aO+i(tan-'x)»+C 



l+a;« J 1 + 



= tan-*a;(ar — ^tan-*x) — It^Vl +a;*+ C. 

2. Ixcos^'xdx. ia^cos~*ar — :Ja;(l — a5*)4-f- j8in~*a5-4-(7. 

3. JVsin-^xda?. i«»Bm-^a? + ^(ar^-h2)Vr=^+ (7. 



193. Integration by Series. When we cannot, by any of the 
preceding methods, integrate a given differential exactly; or, 
when the integral obtained by them is of a complicated form, 
we can develop the given differential in a series, and iut^rate 
its terms separately. Moreover, integration by series furnishes 
a simple method of developing a function, when we know the 
development of its derivative. For examples of this method of 
developing functions, see §§107, 108. 

Examples. 
1. Find rari(l-ar)icLc. 

(l-ar0i=l-ia;2-ia?*-TV^-...; 
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= |a,-I-)-rf-A«V_,|.,a:V_... + C, 
which is the required integral for a; < 1 ami > — 1 . 



, J^(.. 



x')i(tx. 



i^-TV^-A^-Ti-*^- 



3. Prove that log(a+3;) = loKa + -- — +— — = 
by flret integrating directly, and then by series. 



4. Develop log(a: 



6, Prove that 



J[l+a^)h 



1 + x') by integrating — . . 

_ll Jg' 1-3-5 ^ 
2-4-6 7 " 

1 ir= ■ l-3ir" l-3-5 ic" _ _ 



194. While we can differentiate any given integral, we can 
exactly integrate but a small number of differentials. One 
great reason for this seeming difference In the perfection of the 
two branches of the Calcnliis is that the integral is often a 
higher or moi-e complex fiiiiction than its dilferential. Thus, 
the differentials of li^ai, sink's;, tan^'a;, etc., are algebraic func- 
taona. Moreover, it is evident that certain forms of differentials 
do not arise from the differentiation of any known functions. 
Hence, to obtain the exact int^rals of many differentials, new 
and higher functions must be invented and studied. The 
integrals of these differentials, as obtained by series, are the 
developments of these, as yet, unknown fimctioua. 



k 



CHAPTER XVI. 

LENGTHS AND AREAS OF PLAlfE CURTES, AREAS OF SUR- 
FACES OF RETOLUTIOH, TOLUMES OF SOLIDS. 

196. Examples in Rectification of Plane Cnrves. For formulas, 
see § 65. 

1 . Find the length of the parabola y* = 2px. 

...« = y2^Z±Z+^log(y+yj7+7)+C. §185,Ex.l4. 
Zp z 

K « be measured from the origin, « = when y = 0, and 

C = -iplogp. 

. p y -^/TTT^A.Pi y+^P' + f 
••* = 2^^^ + 2^+2^^ p 

2. Rectify the circle aj*+ 3^ = r*. 

We use L to represent the entire length of any closed curve. 

Here X = 4 rYl + ^*dx = 4r f-^= = 2 

For the value of tt, see § 107. 

3. Rectify the ellipse j/^ = (1 - e*) {<f - a^) . 



irr. 



Here ^ (i_e«)5 = _£Vl^ 

d« y Ve?^^ 

n '' 6x f ^^ e*x* 3 e^a^ \ 

"^JoVoF^^K 2a 2.4a3 2.4.6a* "y 
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3e^ i^ " a^da; 

2.6aVoVa2^^ 



e^ p x'dx 

2 a^Jo Vc?^^ 



^ 2 



F'or the indefinite integrals of the last three terms, see § 185, 
Examples 1, 2, and 7. Finding the definite integrals between 
the given limits, and adding the results, we have 

T o A e" 3e* 32.5e« \ 

ly = 27ra(l — — - — . — ...]. 

\^ 2^ 22.42 22.42. 6^ J 



4. Rectify the h3'pocycloid icJ -f- yJ = aJ. 

5. Rectify' the tractrix. 

The characteristic pro- 
perty of the tractrix is that 
the length of its tangent pt 
is constant. Denote this 
constant length by a; and 
let o be the origin, oa being 
the tangent at a ; then, if 
PM=d«, — PN=(Zy, NM=cto, 
ET= Va2— 2/2. 



Ans, 6 a. 




ds 



PM 



a 



Hence — = = ; also, -^ = — 



dy 



Fig. 64. 



y 



dy 



PN 



y 



dx 



0) 



Va2 — y2 

r.s^ — at -=- = a logf - j, if s be measured from a. 

In this example we have found the length of a curve without 
knowing its equation. For the length of the catenary obtained 
in a similar way, see § 76, Ex. 8. 



196. To rectify a curve given by its polar equation. 

Since ds" = p^dff'-\- dp\ § 136 (3) . 



=/('■+¥)'<"• " 



/('+'"^i''^- 
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Examples. 

1 . Rectify the spiral of Archimedes, p = a$. 

Here ^ = 1; /.«=:1 C {a? -\- p*)kdp. 
dp a aJ 

Hence, if « be measured from the pole, we have 

, = P("' + P')* ^ g l^P + V^+?. §185, Ex. 14. 

This is equal to the arc of the parabola, ^= 2 cue, intercepted 
between the vertex and the point whose ordinate equals p 
(§195, Ex.1). 

2. Rectify the logarithmic spiral p = a*. 

Here s ^ C {\ + m?)^dp = (\-\-m^)kp, 

in which m is the modulus of the system of logarithms whose 
base is a, and s is measured from the pole. 

3. Construct and rectify the cardioid p = a(l+ cos^). 

Q C Od^ Q 

= 8a I cos = Sa; 

Jo 2 2 

since 2(1 + cos ^) = 4 cos*— 

197. Examples in Quadrature of Plane Curves. The qimdra- 
ture of a figure or surface is the finding of its area. For 
formulas, see § 66. 

1. Find the area of the circle «* + 3/* = r*. 
Here area = 4 j {j^ — a^)^dx 
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For the segment between the lines x = a and aj = 6, we have 
area = 2 I (r^-'Si^)^dx 

= by/r^ — 6* + r^ sin~*- —a^/r^ — a^— r^sin"^- • 
^ r r 

2. Find the area of one branch of the C3xloid, 

y 

x = r vers" - — v 2 ry — y^. 

Area = 2 P ^^^ = 3 ttt^. § 185, Ex. 18. 

*^ V2ry—y^ 

Hence the area of one branch is three times that of the gen- 
crating circle. 

3. Find the area of the tractrix. 

Here ^ = - ^ —^ , or dx== - ^^^' ~ ^ dy. §195, Ex. 5. 

dx Va^-f y 

.•.«= jydx^— \ y/a^ — y^dy; 

.\ area = - 4 Cy/a^-fdy = ira^. § 185, Ex. 8. 

Hence the whole area enclosed by the curve is equal to the 
area of a circle whose radius is a. 

4. Find the whole area between the cissold y^ = and 

.. ^ . 2 a — X 

its asymptote. 

Ans. Sira^. 

5. Fmd the area between the lines a^y = a^, a; = 6, x = c^ and 

be 

6. Find the area of both loops of the curve a^ = d^Va?—Vx*. 

Ans. \ab. 

7. Find the area of one loop of the cui-ve aV = a* (a* — a?) . 

Ana. ^a*. 
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198. To find the area o/a curve givett by its polar equation. 
Let p bo any point on the curve ab referred to the pole o aud 
J the polar nxftf ox. Take od=1, and draw 

tbe arcs db and ph ; then, if ub — dS, it is evi- 
dent that tile sector opu = dA, A representing J 
I the area traced b; the radlua vector. 
Hence dA = irK-ue — ia'd0; 




Fig.w. ^ .-.A^i jp^d6. 

Or, let DC = Afl ; then ki'' = Ap, and area opp'= AA. 
Now UPK < opp' < Oiip'. or ^Ae<AA< '^ + V)' ^6. 



d^ijpm. 



1 . Find the area of the flrat spire of the spiral of Arcbimedeg, 
p~a$; also the area between the first spire and the second. 



Here ^4 = i Co'e'dS = J^ a V = ^ ^'fl 



C = 0, since, if the urea be estimated from the pole, A 
when $ = 0. 

When ^rs2ir, p = r, or the radius of tbe measuring circle; I 
and A = ^jrr^. Hence the area of the first spire is one-third 1 
of the area of the measuring circle. 

Whenfl = 4n-, p = 2r, and A = ^irr'. 

But, in the two revolutions, tbe area of tlie first spire has ' 
been traced twice ; hence the area between the flret spire and 
the second is |Tf* — ^tt", or twice the area of the measuring 
circle. The area between the second spire and the third is four 
times the area of the measuring circle ; and so on. 

2. Find the area of the curve p = a sin 3 S. 

The curve consists of three equal loops (Fig. 47). Hence | 
the area equals three times the area of the first loop. 

Ana, Jjn 
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3. Find the area of the lenmiscate p' = a? cos 2 $. 

The integral between SssO aud $=.^Tr is one-fourth of the 
"•"•^^ ^"^ Ans. a\ 

4. Find the area of the cardioid p = o(cos^ + l). 

199. Examples in Quadrature of Bnrfaoes of BerolntioiL For 

formulaB, see § 68. 

1, Find the area of the surface of the prolate spheroid ; Hiat 
is, of the surface traced by the revolutioa of the ellipse 

about the a.'cis of x. 

Area = '2p7r(l-e')l(«'-«')'(l + ^**B 



2. Find the area of the surface of the prolate spheroid whowe 
Tatrixis 9tf' + 43!= = 36. 

Find the area of the surface generated by the revolution 
I \ of the cycloid about its base. 

=.4iV2Tj["y(2'--!i)"'* 

= 4xV2;[-}(4r+j)C2r-!/)l];' §I79,E«.S. 
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4. FtDd the area of the surface geneniWd 1>; the ctOivtaxy 
revolving kbout the axis of x, between the limits and b. 

Here S = 2ir^''y d» = i^JJ(^ + e~*)dM 

= iT«j['*{e^ + e"^)dK S76.Ex.t 

•^. Find the area of the surface generated hy the revolotM 
of the troctris about the axis of z. (Sec $ 195, Ex.5.) 

200. Ezampiei in Cnbatore of Solida of BerolntunL TlM 
cubatitre of a solid is the findiug of il^ volnme. For formulas 
Bee {69. 

1. Find Uie volume of the solid generated by the revolatioo 
of the cycloid about its base. 

J*^2Ty-f 
XtAi is, tlic volume is five-eighths of the circumscribed cylinder. 

2. Find the iaclosed A'olume of the solid generated by the 
revolution of the ijambok y'=2px about the line x=a. 

LetMKlfc ^elinex=a; let6=AK[= V2pn] j 
and let p be any point on the parabola ; then 
OH = X, and ax = a—x. Now, if nc = dy, the 
volume generated by the revolution of bi 
about MS equals dV; 



Here 



'. T:)Inme = 



evoiaooo 

i.Ex.l!^^ 



.■.dV= 



^{a-xYdy; 



k' 



Find the Tolame of the solid generated by the revolntii 
of the cissoid about its asymptote. Am. 2 



I 
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4. Find the volume of the solid generated by the revolution 
of the tractrix about the axis of x. 

Since y = a when «= 0, and y = when aj = oo, and 



dx = — ^ ^ dy ; 

y 



volume = 2 | ny^dx=z — 2 tt j y Va^ — 2^ (iy = f Tra^. 

201. The Calculus is often of great aid in deducing the equa- 
tions of curves. The equation of the catenary is obtained by 
its use m §76, Ex.8. 

Examples. 

1. Find the equation of the tractrix. 

" J y ' 

.:x = a log " "^ ^°' ~ ^^* - (a^ - y')i. §186,Ex. 13. 

if 

(7=0, since x = when y= a. 

2. Find the equation of the curve whose subtangent is c. 

Here y — [=subt.l = c; 
dy 

.\dx = c-^; 

y 

.-. a? = - log^y-H (7. 
m 

If c=im^ and the curve pass through the point (0, 1), we 

have 1 

a? = log„y. 

3. Find the equation of the curve whose subnormal is c times 
the square of its abscissa. ^^^ f = lax?+a 




203. InfinitesimalB and Infinites. A quantity so email that its 
value cannot lie exproMseil in tcniia of a finite unit, is said to Ije 
infinitebj umill. 

An Infiniteiini&l is an injtnitel;/ ffiaall variable whose limit is 
zero. For csnmplc, if y =f{x), Ax and Ay both become iiifini- 
tesimula as Aa; = 0. Again, any variable, when near \i& limit, 
differs fi-om its limit by nn inliDiteeimal. 

When we consider several related infinitesimals, we Gboose 
arbitrarily some one of them as the prijuHpal htfinitesimal, and 
adopt the following definitions : 

Any inflnitesinial, the limit of whose ratio to the principal 
infinitesimal is finite, is an infinitesimal of the first order. 

Any infinitesimal, the limit of whose ratio to the square of the 
principal infinitesimal is finite, is an infinitesimal of the second 
order. 

Any infinitesimal, the limit of whose ratio to the nth power 
of the principal infinitesimal is finite, is an infinitesimal of Che 
ntli order. 

Hence, if (represent the principal infinitesimal, vii, Vji*, Hjt*, 
and v„(" will represent respectively any infinitesimals of the first, 
second, third, and nth orders, in which I'l, Vj, Vg, and «„ are 
variables having finite limits, from which they differ by infini- 
tesimals. According to this notation, a = t, a = v,t, and a = Vii^ 
are read respectively, "o = the principal infinites inial," "a = an 
infinitesimal of the first order," and "o = an inQnitfisimal of the 
second order." 

A quantity so large that its value cannot be expresaed in 
terms of a finite unit, is said to be infinitely large. 
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Aii Infinite is an infinitely lai^o variable tliat increases with- 
out limit. Hence tlio reciprocals of inflniteaimala arc infinites, 
and the different orders of infinites may be repreaeuted by Wii ', 
Wji"', w^r^, eta., in whicli Wj, «Jo, n'3, etc., are variables having 
finite limits. 

The symbols and oo, or -, represent respectively absolute 
zero and absolute infinity, of which there are no ordera. 

203. From the algebraic symbols for infinitesimals and infi- 
nites of different orders, the following pnnciplea are evident : 

1. The product of any infinitesimal aud an infinite of the 
same order is a finite quantity; thus, rji*.?Pai"^ = iiiWa. 

2. The order of the product of two or more infiuitesimala is 
the sum of the orders of the factors ; thus, v,i- v^i^ =^ ViVii". 

3. The order of the quotient of any two infinitesimals is the 
order of the dividend minus the order of the diviwor ; thus, 



4. If the limit of the ratio of one infinitesimal to another is 
zero, the former is of a higher order than the latter ; thus, 



limit -?- = limit— 1 = 0. 



201 Geometric Sliistration of Infinitesimals of Itifferent 
Ordero. Let uah be a right angle iascribod in the semicircle 
a tangent at n, and ae a perpendicular to uD. From 
the similar triangles cab, had, and a 
we have 



Suppose A to approach b so that 
and limit ac = cb, from (1) 
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limit — = limit — = ; 

AB AC 

hence ad is an infinitesimal of a higher order than ab (§ 203, 4). 
From (2) we have 

limit — r= limit — = : 

AD DC 

hence de is an infinitesimal of a higher order than ad. 
Thus, when ab = i, ad = v^t*, and de = Vgt^ 

Examples. 

1 . If a = I, of what order is sin a ? 

Since ^»^ijr?!lli?"|= 1, sina = Vit (§ 202), 

and limit Vi = 1 . 

2. If a = I, of what order is tan a? 

3. If a = I, of what order is 1 — cos a? 

Since ^fl P ~ J° °1 = |, 1 - cos a = «,.« (§ 202) , 

and limit v^ = ^. 

4. If a = I, show that sino— a=V3i^ and that a— tanassVji*. 

205. First Fnndamental Principle of Infinitesimals. 

Let a — )8 = €, in which € is infinitely small in comparison with 
a or )8 ; then 

-=l+i, andlimit^ = 0; 



.'.limit- = limit 1 + ^=1, 
P L PA 



Hence, if the difference between two variables is injinitely smaU 
in comparison with either of them ^ the limit of their ratio is unity; 



I 



BUI'S FOE DIPPEEBHTLA.TION. 

and, fnj § 135, either of them m.ay he subsliluted for the other in 
any problem concerning the limit of the ratio of two variables. 

For conveDieDce of application, thia principle may be stated 
OS follows : 

In problems concerning the limit of the ratio of two variables, 

All ijifinitesimals of the higher orders may be dropped pom 
sums of infinitesimals of different orders. 

All infinitesimals may be dropped from sums of finite quantities 
and infinitesimals. 

AU finite quantities may be dropped from sums of infinites and 
finite quantities. 

CoR. If a = ^+(, limit-, or limit 1 + 4 L is unity only 
when t is infliiitely small in comparison with ^. 

Hence, conversely, if the limit of the ratio oftteo infinitesimals 
IS unity, their difference is infinitely small in comparison with 
either. 

206. Kale for Differentiation, In this chapter wo shall regard 
the increments of variables us infliiitesimals. Since the differ- 
ence between a variable aucl its limit is i 



/(x) + e, or^y=f\x)Ax + tAx, (1) 



" ^x 

in which e ia an infinitesimal. 

Now ay = f'{x}dx. (2) 

The value of dx being arbitrary, for convenience we shall, in 
k thia chapter, suppose it to be equal to A*. 
I From (1) and (2) it follows that, if da; = Ax = i, riy and Ay 

I are infinitesimals whose difference is infinitely small in compari- 
I son with either, and therefore, in differentiating, dy ma,y be 
I sobBlitated for ^y {% 205). 



From these considerationB ive have Ihe following simple role 
for ditrereiitinting any f mictiou : 

Find Ike incrPitierU of Ihe function in termn of the increments 
of its varitibles, apply tlie priacijde» of § 205, and in the ienna 
remaining replace Ike increments by differentiah. 

Thus, to difFereatiate a^, let y =^ a^ ; then 
Ay = 3 a^Aa + 3 a!(Aa!) » + (Aa;)». 

Hence, by the rule, 

Rem, We do not drop the iDflniteainiala of the higher orders, 
because they arc nothing, or compflratively nothing, when added 
to an infiniteHlmal of the flrat order, but because we know that 
they do not appear in the limit of the ratio sought. Thus the 
method of limitB is the basis of the method of infinitesimals, the 
difference being that in the latter we use infiniteBimal differen- 
tials, and a quantity is dropped as soon as it appears, when it is 
known that it will vanish in passing to the limit sought. Any 
differential equation obtained by the infinitesimal mcthotl must 
evidently be tnio when the dilferentials are regarded aa finite. 



Examples. 

1 . DifTereutiato n = xy. 

Here Au. = yAx + a;\t/-i-AxAy; .'.du^ydx + xdy. 

2. Differentiate h = -. 




BBOOND TUSTyAMBSTAL PKINOIPLB. 



for, when ^x = i, i«= Bin Aa; + r,i'(g 48, Cor., and § 205, Cor.), 
aiKi l-co3Ax = Vit'(§204, Ex. 3). 
.■ . dy = i:oa xdx. 

4. Find the differential of any plane carve. ^^t^"^ 
Let As, or arc rp' in Fig. 58, be t ; then ^^_ 

As = chord pp'+vji' § 48. / 

= Va?+Ai?+Vs(*; !<- — I 

.\ds=^dy' + dx'. Fig. M. 

5. Find the differential of the area between a cur*'e ami the 
axie of x. 

Let Aa^, or Aii in Fig. 58, he i ; then, since area pi>p'< A*- Ay, 
Aa = area abp'p = y^x + v^i" ; 
.', dz = j/(ic. 

207. Second Fundamental Principle of Infinitesimals. Let 
a,, oj, u^, ..-, a„ be any inhuiteBimals so related tbut, as n 
increases, 

limit [ui + 02 + as -I 1- a«] = c ; 



and let £ 



83, •■■ li„ be any other infinitesimal a, eueh tliat 

/5s 



= 1 + ^1 



= H 



= 1 + ^, 



(1) 



L 



in which e„ tj, ■■•, e, are infinitesimals. 

Clearing equations (1) of fractious, adding, etc., we obtain 
A +A + ---+/3»-('ti + "a+ ■■-+",) 

= a,£i + aj(jH |-a,£„, 

Let 8, a positive infinitesimal, be greater in absolute value 
iban any of the infinitesimals <i, <£,-■•, c. ; lUen we have numeri- 
cally, 

03, + /3, + -+;3„)-(a, + a, + ...+a.) 

<S(ai + a, + --+a,)- 
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But, since limit 2 = 0, nnd limit (a,+iLi + -" +aj) = c, 
limit[8(«| + n, + -.-+aJ]=0. 

Whence limit [ft + ft + -. +^„]= limit [n, + -L,+ ... +a„]. 

Hence, if the difference between two injitulesimals is an tnjini- I 
tesimal of a higher order, either nuiy be aubntitvled for Hie other i 
in ani/ problem, amcertmig the limit of the »iim of injimtesimalut 
provided this limit infinite. 



Cob. lt^ = 



and 
then 



Ol + oa + ■ ■ 
limit [yS, + 



+ «, = c, 



»-w = 



<. + «.+ -+«,= 




806. Int^^ation aa a SnnunatioiL Let s repreacnt the area 
between tlie ciii've ori) and the axis of x, and let us seek the 
urea of the portion obd. At the several 
valuea of x, aa, 0, oa, oa', and on", let 
oa = ua' = a'a" = a"ii = i\x = dx; 
then the corresponding values of dz are 
0, apba', a'r'b'a", and a"p"b"B, while those 
" of Aa arc oea, arp'a', «'p'p"n", and n"p"DB, 
^K- ™- wlioae sum equals obd. Let the divisions 

on, aa', etc., become infinitesimals, but increase in number so 
that their sum will continually equal ob ; then A^ and dz both 
become infinitesimals: and, since ova, Tp'b, etc., is each less 
than Ax ■ Ay, Az^dz^:^ v,i.'. Therefore the limit of the sum 
of the values of da ia equal to the sum of the values of Az 
(§ 207, Cor,). Hence, if x' =ob, and the symbol % Az repre- 
sent ttie sum of the values of Az correspoading to the different 
valuea of x between and x', we have 



I But 



area obd = J Aj = limit %dz = limit S y^- 
area obd = | ydx ; 
I ydx = limit ^ ydx. 



i 



CBNTBB OF GRAVITY. 

Hence, ivken diffpreiUials are inJinUesimals, iTifegraJion may 
be viewed as the siimmulion of an ivjinite series of inJinitesimalB. 

209. Centre of Gravity. The centre of gravity of a body is a 
point so situated that, if it he supported, the hody will remain at 
rest in whatever position it may be placed. An element of any 
quantity or magnitude ia an infinitely small portion of it. The 
product of the weight of a body by the distance of its centre of 
gravitj' from a given plane is called the m/iment of the body with 
respect to that plane. The moment of a body is the sum of the 
moments of its elements. Hence the distance of the centre of 
gravity of a body from a given plane equals the sum of the 
momente of its elements divided by the weight of the body, 
TUe bodies here considered are supposed to be of uniform den- 
sity ; hence their weights are' proportional to their volnmes. 

The advantage sometimes gained by viewing integration as a 
summation is illustrated' in deducing formulas for finding the 
centre of gravity. 

210. To find the centre of gravity of any plane imrface. Let 
(ic, y) be any point on the curve opji referred to the 
and OY, and let 3:5 and y^ represent respec- 
tively tlie distances of the centre of gravity of 
any portion of the sui'face xom from the planes 
OT and ox, which planes are perpendicular to 
that of the figui'e. The diSerential of tlic 
area xon is ydx ; now, if tic = ab = 1, ydx will 
differ from abp'p, the corresijonding element 
of this area, by v^i? ; and the distance of the centre of gravity 
of this element from the plane oy will differ from x by 
hence xydx will differ from the moment of this element with 
respect to the plane oy, by it^t'. Therefore, between a! = a and 

m of the moments of the elemeuts 




= limit £a!i/da!= \xydx\ 
j xydx I xydx 
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Again, the centre of gravity ot ydx is evidcutly \y IVoin the 
plane ox ; benee i^ilx will differ from the moment of the cor- 
re8[)oiiiling elt-mcnt with respect to the iilnne ox, by u,('. Hence, 
between x= a anilz = '>, the sum of ihe moments of the ele- 



= ij>l.; 






area 



If the curve be eymmetrical with respect to ox, x„ is evidently 
the same for ttie whole ureu as for the half, anil y^ is zero. 

211. To find the centre of gravity of any plane curve. Let 
(x„, Jo) t* the centre of gravity of any arc of a plane curve 
whose length la represented by a. Now, when da = i, xds dif- 
fers from the momeut of tlie corresponding element of the cnrve, 
with respect to the pkne or (Fig. 60), by w,i'. Hence, between 
x=a and x^b, the enm of the niomente of the elements 



»nd 



Ixcb, 



J}'^ 



213. To find the ceTilre of gravity of a soHd of revolui 
The differential of a solid of revolution whose axis is the axis 
of X, is jry'dx; hence, if <ix=i, trxtfdx will differ from the 
moment of the corresponding element of the solid, with respect 
to the plane OY, by Cji*; and therefore, between x = a aDdx=Ii, 
the sum of the moments of the elements 



=J'iV<te- 



EXAMFI/ES. 



5r j xifdx i xifdx 
volauie ~j^' 



As the centre of gravity miiet evidently be on the axis of revo- 1 
latioD, the forniulii given above entirely determines it. 



Examples. 

1. Determine tlie ceutre of gravity of a circular arc 
Let the extremity i> be {x',y'). 
Here /=2ra-a;'; 






■. da = Vttir' -t- dy^ = 



S''^ 







•■ + .J 



Hence CE = r — a 



2. Find the centre of gi-avity of a segraent of a circle. 
Using the equation of the circle referred to its centi-e, we have 



j%/dx Jlr'- a^yixdx 



_ i(y'-a')i-i(^~i^)i 



lfa = 0, aDd& = r, then area = JnT', and we Lave an,= _ 
mbeo the s^ment is a semicircle. ^ 
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3. Find the centre of gravity of a parabolic area. 

Ans. «^=.|a/. 

4. Find the centre of gravity of a right cone. 
Here y s ox, and volume = i v^ ; 

ir I xy^dx IT I a^a^dx 

volume ^vdhc^ ^ 

that is, the distance of the centre of gravity from the vertex is 
three-fourths of the axis. 

5. Find the centre of gravity of a segment of a prolate 
spheroid. 2[^(|aar«_i«") 

An8. Xq = — 



volume 
When «'= a, qcq = |a. 

Cxyds 
6. Prove that x =^^ ^ ^® formula for finding the cen 

tre of gravity of any surface of revolution. 



